REAL K3 SURFACES WITH NON-SYMPLECTIC INVOLUTIONS AND 

APPLICATIONS 
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VIACHESLAV V. NIKULIN AND SACHIKO SAITO 

Abstract. Classification of real K3 surfaces X with a non-symplectic involution r is con- 
sidered. For some exactly defined and one of the weakest possible type of degeneration 
(giving the very reach discriminant), we show that the connected component of their mod- 
uli is defined by the isomorphism class of the action of r and the anti-holomorphic involution 
if in the homology lattice. (There are very few similar cases known.) For their classification 
we apply invariants of integral lattice involutions with conditions which were developed by 
the first author in 1983. As a particular case, we describe connected components of moduli 
of real non-singular curves A G | — 2Kv \ for the classical real surfaces: V = P^, hyperboloid, 
ellipsoid, Fi, F4. 

As an application, we describe all real polarized KB surfaces which are deformations of 
general real K3 double rational scrolls (surfaces V above). There are very few exceptions. 
For example, any non-singular real quartic in P'^ can be constructed in this way. 
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1. Introduction 

In this paper, a K3 surface is a simply-connected Kalerian compact complex surface with 
the trivial canonical class. Thus, there exists a 2-dimensional holomorphic differential form 
ux with zero divisor. The form ux is unique up to Xux where A G C and A 7^ 0. 

A K3 surface may have two very different kinds of holomorphic involutions r: symplectic 
when t*{lux) = '^x and non-symplectic when r*(a;x) = —oJx- 

There exists only one type of symplectic involutions ^| and many types of non-symplectic 
involutions [20], [221 ■ The types of non-symplectic involutions are classified by invariants 
which are all presented in Figure Q below. They describe irreducible components of moduli 
of complex K3 surfaces X with non-symplectic involutions r. See more delicate classification 
in P and 0. 
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In this paper we consider K3 surfaces with non-symplectic involutions {X, r). The quotient 
surface Y = X/{1,t} is either Enriques surface when r has no fixed points, or a rational 
surface when r has fixed points. The set of fixed points is a non-singular curve A = X'^, 
and its image A C y is an element of the linear system | — 2Ky\ where Ky is the canonical 
system of Y. Then X is the double covering of Y ramified in A and r the involution of 
the double covering. Pairs {A, Y) when Y is either Enriques or a rational surface (they are 
characterized by the condition q{Y) = where q is the irregularity) and A G | —2Ky \ is a non- 
singular curve are called right DPN-pairs. Classification of K3 surfaces with non-symplectic 
involutions {X,t) is equivalent to classification of right DPN-pairs A cY. 

In this paper we consider description of connected components of moduli of real K3 sur- 
faces with non-symplectic involutions and real right DPN-pairs. Equivalently, we consider 
classification of triplets {X, r, (p) where X is a K3 surface, r its holomorphic non-symplectic 
involution and (f its anti-holomorphic involution. The involutions r and ip must commute: 
ifT = Tip. Equivalently, we consider classification of real right DPN-pairs A (Z Y with an 
anti-holomorphic involution OofY where 0{A) = A. 

This classification depends on the definition of degeneration of {X,T,ip). We choose one 
of the weakest types of degeneration (i. e. giving one of the reachest discriminants). Geo- 
metrically (over C) it is equivalent to appearance of an exceptional curve F with square —2 
on the quotient Y. Over M this curve should be either real: 0{F) = F, or 6{F) ■ F < 1. See 
Section ETTl 

We mention that our definition of degeneration is weaker (it gives a much reacher dis- 
criminant) then the one used in |1] for description of connected components of moduli of 
real Enriques surfaces. Thus, even for real Enriques surfaces our results are stronger (more 
exact). Difference of our results from jl] is in the appearance of the group G. 

On the one hand, our type of degeneration gives a reach discriminant. For example, it 
is enough to describe connected components of moduli of real bidegree (4, 4) curves on the 
hyperboloid which was one of the main purposes of this paper. A degeneration of this case 
gives non-singular curves A G | —2K^^ \ which we must exclude. Here we denote as n > 
a relatively minimal rational surface with the section s having = —n. See Proposition 0] 
On the other hand, using Global Torelli Theorem and epimorphicity of Torelli map 
for K3 surfaces we prove that connected components of moduli are described by sufficiently 
simple invariants which are isomorphism classes of integral involutions with conditions. They 
are triplets (L, p, [S, 9)). Here L = H2{X, Z) is the even unimodular homology lattice with 
the action of p, S = L'^ and 6 = flS. The pair {S,6) determines the type of real K3 
surfaces {X, r, p) with non-symplectic involution whose connected components of moduli 
we want to describe. See Theorems ^ El El All genus invariants of integral involutions 
with condition were classified in |2Ij. See Sect. 12.31 about these invariants. They give very 
universal invariants which work in all cases we consider. This paper can be considered as 
one of applications of this classification and the invariants which it uses. 

We mention that similar arithmetic description of connected components of moduli had 
been obtained in jTH] for real polarized K3 surfaces. Similar result was obtained in |1] for 
real Enriques surfaces with the much stronger (or with the much smaller discriminant) type 
of degeneration used in jjj . Thus, this paper adds some more cases to these beautiful series. 
It seems there are very few geometrically significant cases when similar arithmetic results 
are valid. 

Our results are valid for any type {S, 9) of real K3 surfaces with non-symplectic involutions 
(or the real right DPN-pairs). In Sections 121 — [7|we specify them in the most simple and 
general cases (by the dimension 20 — rkS* of moduli). We consider all cases when rkS* < 2. 
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They give the following real DPN-pairs and the corresponding real K3 surfaces with non- 
symplectic involutions as double coverings: 

P^: Real non-singular curves A of degree 6 on the real projective plane P^; see Sect. El 

H (hyperboloid) : Real non-singular curves A of bidegree (4, 4) on hyperboloid and on P^ x P^ 
with all possible spinor (i. e. with empty set of real points) real structures; see Sect. El 

E (ellipsoid): Real non-singular curves A of bidegree (4,4) on elhpsoid, see Sect. 

Fi: Real non-singular curves A E \ — 2i^Fi| on Fi with real structure; see Sect. (HI 

F4: Real non-singular curves A E \ — 2K^^\ on F4 with a real structure; see Sect. [71 

In all these cases we get classification of connected components of moduli of the non- 
singular real curves A on the real surfaces up to the action of the automorphism group of 
the real surfaces. 

The case P^ had been considered in jO] (isotopy classification), [221 (classification of divi- 
deness and complex orientations), JH] (classification of connected components of moduli). 

For hyperboloid H, the isotopy classification had been obtained by Gudkov [7]. Zvonilov 
j35j added description of divideness by A{W) of A{C) and possible complex schemes (i. e. 
complex orientations of A{W) which are induced by A{C) in the dividing case). We show 
that these visual invariants: isotopy type, divideness and complex orientations (in some 
very few dividing cases), define the connected component of moduli up to the action of the 
automorphism group which has 8 connected components for hyperboloid. 

For ellipsoid E, the isotopy classification had been obtained by Gudkov and Shustin 0. 
Zvonilov added description of divideness by A(]R) of A{C) and possible complex schemes 
which are prescribed by the isotopy type in this case. We show that these visual invariants: 
isotopy type and divideness, define the connected component of moduli, up to the action of 
the automorphism group of ellipsoid which has 2 connected components. (Similar result is 
vahd for P^.) 

For Fi we show that also the connected component of moduli is defined by the isotopy 
type and by divideness. The related result had been obtained by Itenberg jUj, (TU] who gave 
classification of connected components of moduli of real curves of degree 6 with one non- 
degenerate quadratic singular point. It seems, our classification should follow from Itenberg's 
results, but it would be hard for us to deduce it from P, (TU]. 

For F4 we also show that the connected component of moduli is defined by the isotopy type 
and by divideness. This case corresponds to very important class of K3 surfaces which are 
elliptic K3 surfaces with section. The involution r is the inverse map of the corresponding 
elliptic pencil. 

In Sect. IHlwe consider an important application of the above results to description of real 
polarized K3 surfaces which are deformations of general real K3 double rational scrolls. We 
mean the following. Let (X, P) be a polarized K3 surface with a primitive ample H where 
= n. For a general K3 double rational scrollihe complete linear system \P\ or \2P\ gives 
the double covering n : X = r} where Y is one of surfaces Y = P^, P^ x P^, Fi or 

F4 above. Moreover, \kP\ is the preimage \kP\ = 7r*|P| of some standard linear system P on 
Y. General K3 double rational scrolls give codimension 1 moduli subspace (if n > 4) of the 
connected moduli space Ain of the polarized K3 surfaces. Thus, any polarized K3 surface 
[X, P) over C is a deformation of some general K3 double rational scroll. It is interesting to 
ask, if the same is valid over M. 

Using classification results of Sects. (21 — Eland the classification results about real polarizes 
K3 surfaces [12], in Sect. |H1 we show that a real polarized K3 surface {X,P) of degree 
n = > 6 is not a deformation of a general real K3 double rational scroll, if the real 
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part X(]R) either consists of 10 spheres or it consists of k spheres and X(]R) ~ P mod 2 in 
H2{X, Z). "All other" (in some sense) real polarized K3 surfaces {X, P) are deformations of 
general real K3 double rational scrolls. In ^H] all possible genus invariants (for the action of 
the anti-holomorphic involution (p in homology) 

(n; r,a,6p,6^,6^p) 

of real polarized K3 surfaces were defined and classified. Excluding few (possibly extremely 
few) exceptions the genus invariants determine the connected component of moduli of real 
polarized K3 surfaces. "All other" above means all possible genus invariants different from 
genus invariants of the shown above exceptions. Additional considerations show that for 
P^ = 2 (double coverings of P^) and = 4 (quartics in P^) any real K3 surface is a 
deformation of a general real K3 double rational scroll. For = 2 it is obvious. For 
quartics, P^ = 4, we can additionally use double coverings of ellipsoid E which one cannot 
use for P^ 7^ 4. This gives a very effective method of construction of all (i. e. representatives 
of all connected components of moduli) real quartic surfaces. Using results of Shah [^Hl (over 
C), one can describe all these deformations very explicitly. It gives an effective method of 
construction of real quartic surfaces. 

The first author wants to thank University of Liverpool, Steklov Mathematical Institute, 
Max- Planck Institut fiir Mathematik and Hakodate Campus of Hokkaido University of Ed- 
ucation for hospitality. 

2. Connected components of moduli of real K3 surfaces with 

NON-SYMPLECTIC INVOLUTIONS AND REAL DPN-PAIRS 

2.1. Connected components of moduli of non-degenerate real K3 surfaces with 
non-symplectic involutions. We remind that a K3 surface X is a non-singular projective 
algebraic surface over C (more generally a compact Kahlerian surface) such that it has a 
holomorphic 2-dimensional differential form 7^ ujx with zero divisor (or the canonical class 
Kx = 0) and X is simply-connected. The form ux is defined uniquely up to Xux, A G C*. 
E.g. see 123, El and gll about K3 surfaces. 

An involution r of a K3 surface X can be symplectic, if t*ujx = and non-symplectic, if 
T*uJx = —^x- Symplectic involutions on K3 surfaces were classified in ^H], for this case it is 
natural to consider Kahlerian K3 surfaces, and there exists only one type of such involutions. 
Non-symplectic involutions on K3 surfaces were classified in ||20j, ^22j; all K3 surfaces with 
non-symplectic involutions are algebraic. 

The main invariant of a K3 surface with a non-symplectic involution r is the isomorphism 
class of the lattice S which is the fixed part H2{X,'LY = S. Here and in what follows we 
denote 

M« = {x e M |^(a;) = x}, 

and by 

M^ = {x e M \^{x) = -x} 

for an action of an involution ,^ on a module M. By the Hodge decomposition, the lattice S 
is hyperbolic (i. e. it has exactly one positive square), it is contained in the Picard lattice 
N{X) of X (which is generated by classes of all algebraic curves on X). All possible S are 
known (up to isomorphisms) and are described in [20] (see also j^). 
We can additionally fix a half-cone (the light-cone) V~^{S) of the cone 

V{S) = {x e S ®R\ x"^ > 0}. 
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We can also fix a fundamental chamber A4 C ^^(5*) for the group W^~'^\S) generated by 
reflections in all elements with square (—2) in 5*. This is equivalent to fixing a fundamental 
subdivision A{S) = A(S')+U— A(5')+ of all elements with square —2 in 5*. The ^A and A(S')+ 
define each other by the condition (tM, A+) > 0. These additional structures C V~^{S) 
of the hyperbolic lattice 5" are defined uniquely up to the action of the group {±1}W^~'^\S). 

We can restrict considering K3 surfaces X with a non-symplectic involution r, i.e. pairs 
{X, r), such that V~^{S) contains a hyperplane section of X and the set A(S')+ contains only 
classes of effective curves with square —2 of X. I. e. V~^{S) and the fundamental subdivision 
A(S')+ are prescribed by the geometry of the K3 surface X. 

If a pair (X, r) is general, then S = N{X) is the Picard lattice of X (remind that it is 
generated by classes of algebraic curves) and Ai gives the nef cone (or Kahlerian cone) of 
X. The weakest condition of degeneration (i. e. giving the most reach discriminant) is the 
following condition: 

("D): We say that {X,t) of the type H2{X,'LY = S is degenerate if there exists h E Ai 
such that h is not nef for X. I.e., there are elements of S which are nef in general (when 
S = N{X)), but they are not nef for X. It is not difficult to see |^, that this is equivalent 
to existence of an exceptional curve with square —2 on the quotient Y = X/{1,t}. This is 
also equivalent to have an element 6 G N{X) with 6^ = —2 such that 6 = {6i + 62) /2 where 
61 e S, 62 e ^^^(x) and 6l = 62 = -4. Remark that (^i,^) = mod 2 and {62,8-^) = 
mod 2. I.e. 61 and 62 are roots with square —4 for lattices S and S-^ respectively. 

Let us consider examples of lattices S" of a small rank, when rkS* < 2. All these cases will 
be considered in details in Sect. 12.41 below. We use notations: {A) denote a lattice defined 

by a symmetric integral matrix A. We denote ^ ~ ) ' ^ lattice K, we denote by 

K{m) a lattice obtained from the lattice K by multiplication of the form of i^' by m G Q. 
By © we denote the orthogonal sum of lattices. 

If rkS* = 1, then S = (2), Y = X/{1,t} = and all X are non-degenerate, because S 
has no elements with square —4. 

If rkS" = 2, then the lattice S is isomorphic to one of three lattices: S = U{2), (2) © (—2) 
or U . 

If S ^ f/(2), then non-degenerate K3 surfaces (X, r) give X/{l,r} ^ x = Fq, 
but degenerate K3 surfaces (X, r) give X/{l,r} = F2 where we denote by F„ a relatively 
minimal rational surface with a section having the square — n, n > 0. 

\i S = (2) © (-2), then Y = X/{1, r} = Fi. All X are non-degenerate because S has no 
elements with square —4. 

If S = U, then Y = X/{1, r} = F4. All X are non-degenerate because S has no elements 
61 with 6f = -4 and (5i, S) = mod 2. 

We shall consider all these cases in Sect 12.41 below. 

Further we fix one of possible lattices 5* together with Ai C V~^{S) and consider K3 
surfaces with non-symplectic involutions (X, r) and a fixed identification S = H2{X,7jY 
such that A4 C V^{S) are defined by the geometry of X. In complex case we can consider 
two pairs (X, r) and (X', r') to be isomorphic if there exists an isomorphism / : X — ^ X' 
of K3 surfaces which is identical on S. Then fr = r'f (it is sufficient to check this identity 
for the action on second homology) and / defines the isomorphism of K3 with involutions. 
The moduh space of pairs (X, r) is connected, and its subspace of degenerate pairs (X, r) 
has codimension one over C (if it is not empty). Thus, the space of non-degenerate pairs is 
also connected. This follows from the fact that there exists a unique (up to automorphisms) 
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primitive embedding S ^ L where L = H2{X, Z) is an unimodular even lattice of signature 
(3,19). 

For real K3 surfaces with non-symplectic involutions {X, r), we should additionally fix the 
type 6 of the action of the anti-holomorphic involution (p oi X on S. The 6 should satisfy 
the following properties: 9{V+{S)) = -V+{S) and 9{A{S)+) = -A{S)+. It follows that 
the lattice 5+ = 5*^ is negative definite and it has no elements with square —2. Moreover, 
the linear subspace S*. M where = Sg must intersect the interior of the nef cone Ai. 
For the fixed type {S, 6) we consider K3 surfaces X with holomorphic involutions r of the 
type S and an anti-holomorphic involution (p, such that (p\S = 6, in particular, ip{S) = S. 
It follows that the anti-holomorphic involution ip commutes with r. The (f defines then the 
real structure of the pair (X, r). The triplets (X, r, ip) of the type {S, 0) give real K3 surfaces 
with non-symplectic involutions of the type {S,6). 

We consider the following real analogy for real K3 surfaces with non-symplectic involutions 
of the type {S, 0) of the degeneration {V) above. An element h E S is called realif 6{h) = —h, 
i.e. h & For a general real X we have N{X) = S, and all real nef elements are elements 

of ^_ n A^. 

(PM): A real K3 surface (X, r, with a non-symplectic involution of the type {S,6) is 
called degenerate if there exists a real element h ^ (1 A4 which is not nef for X. I. e. h is 
nef for general real K3 surfaces with non-symplectic involutions of the type {S, 9), but it is 
not nef for the triplet (X, r, (p) itself. This is equivalent to have an element 6 G N{X) with 

= -2 such that 5 = {5i + 82) /2 where 5i E S, 82 E ^^(^) and 5f = 5l = -4 (i. e. (X, 9) 
is degenerate in the sense of {T>) as a complex surface). Additionally, 61 must be orthogonal 
to an element h E (1 int{M.) with h"^ > 0. Here int(A^) denote the interior part of Ai, i. 
e. the polyhedron Ai without its faces. 

The condition (PM) for (X, r, ip) implies the condition T> for (X, r). Thus, condition (VM.) 
is stronger for (X, r) than ("D), and it is not difficult to give examples of possible (5*, 9) when 
(P) does not imply (PM). 

On the other hand, for some types {S,9) the conditions (P) implies (PM). E. g. it is 
obviously true if S = S^. It is easy to see that (P) implies (PM) for all lattices S* of rkS* < 2 
above and all possible 9 for these lattices. Only for S = U{2), it is possible to have S- S 
(this is the case when Y = X/{1,^} is an ellipsoid as a real surface). Then S- = (4), 
5"+ = (—4), and all elements of S with square —4 belong to 5"+. Then (P) implies (PM). 
But, to formulate a result about connected components of moduli of non-degenerate real K3 
surfaces with non-symplectic involutions (Theorem in general (for arbitrary S), we have 
to consider the type (PM) of degeneration. 

Let L = H2{X, Z) where H2{X, Z) is the homology lattice of K3 with intersection pairing. 
Then L is an even unimodular lattice of signature (3, 19). Let us fix a primitive embedding 
5* C L, it is unique up to automorphisms of L. Let A(S', L)^~^^ be the set of all elements 61 in 
S such that Sf = —4 and there exists 62 E Sj^ such that (^2)^ = —4 and S = {Si-\- 62) /2 E L. 
Then 52 = -2. All elements 6i E A(5,L)(-4) are roots of S since -4 = {6iY\2{6i,S) 
because {61, S) C 2Z. Let W^-*\S,L) C 0{S) be the group generated by refiections in all 
roots from A(S, LY~^\ and W^'^^^S, L)m the stabilizer subgroup of in W^~'^\S^ L). The 
set A(^,L)(-^) is invariant with respect to W^-'^\S). It follows that the W'--*\S,L)m is 
generated by refiections ss-^ in Si E A(S,L)^~'^^ such that the the hyperplane (^1)5 ® M in 
S" ® M intersects the interior of Ai. 

The real analogy of the group W''^^\S, L)m is the subgroup G C W^~'^\S, L)m which is 
generated by refiections ss-^ in all elements Si E A(S', L)^~^^ which are contained either in 
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5*+ or in (i. e., ss^ should commute with 9) and such that ssj^{Ai) = A^. Obviously, 

GcW(-^KS,L)m. 

We consider two real K3 surfaces (X, r, y?) and (X', r', wi/i non-symplectic involutions 
of the type [S, 6) to be isomorphic with respect to the group G, if there exists an isomorphism 
f -.X^X' such that /r = r'/, f^ = ^' f and f\S e G. 

We correspond to a real K3 surface (X, r, (p) with a non-symplectic involution of the type 
{S,9) an integral involution {L,ip,S) with the condition {S,6) on the sublattice S (see [21j). 
Here L = H2{X; Z), is the action of on L such that ip\S = 9. The integral involution 
{L,ip,S) has the properties (e.g. see [12] or Sect. 3.10 in ^21J: 

(RSK3) The lattice L is even unimodular of signature (3, 19). The lattice L'^ is hyperbolic 
(it has the signature (l,t(_))j. 

Clearly, we can consider abstract integral involutions (L, (p, S) of the type {S, 0) satisfying 
(RSK3). We consider two integral involutions {L,(p,S) and {L',(p',S) with the condition 
{S, 9) to be isomorphic for the group G if there exists an isomorphism ^ : L — L' of lattices 
such that ^ip = p)'^ and S,\S belongs to the group G. We denote by In{S,9,G) the set of 
isomorphism classes of integral involutions (L, (p, S) satisfying (RSK3) with the condition 
{S, 9) and the group G. 

By monodromy consideration, two triplets (X, ip, r) and (X', (p>', r') of the type {S, 9) which 
belong to one connected component of moduli give isomorphic integral involutions with the 
condition {S,9). Thus, we have the natural map from the set of connected components of 
moduli of triplets (X, ip, r) to the set In{S, 9, G). 

Using Global Torelli Theorem for K3 surfaces and epimorphicity of Torelli map for 
K3 surfaces [1^, we can prove the main result which is similar to Theorem 3.10.1 from 
[T^ about moduli of real polarized K3 surfaces. This type of statements is very interesting 
because it reduces the problem of description of connected components of moduli of real 
algebraic varieties to a purely arithmetic problem. 

Theorem 1. The natural map above gives the one to one correspondence between connected 
components of moduli of (VM.)-non-degenerate real K3 surfaces (X, r, (p) with non-symplectic 
involutions of the type {S, 9) and the set In{S, 9, G) of isomorphism classes for G of integral 
involutions {L,p>,S) with the condition {S,9) satisfying (RSK3). 

Proof. Let {L,S,ip) be an isomorphism class from In(5', 6*, G). We have the orthogonal 
decomposition up to finite index 

(2.1) S+®S-®L'^®Lr,^cL 

Here is the key statement (compare with conditions {T>) and ("DM) above). 

Lemma 2. Let 6 ^ L has 6"^ = —2. Assume that 6 = {6i + 62) /2 where 61 & S , 62 & and 
{SiY = (52)' = -4. 

// additionally 62 €^ L':^ U Lr^^p and {61, h) = for h E S- with h'^ > 0, then 5i G 5+ U 5-. 

Proof. We have (5i)* = 5i/2 = (5i); + (5i)l where (^i)^ G (5±)*. Since (5i, h) = ((5i)l, h) = 
and the lattice S- is hyperbolic, then ((5i)l)^ < if {5i)*_ ^ 0. 

Assume that ^2 ^ -^r.v?- Then (5i)l + ^2/2 G [L^* . The lattice is 2-elementary 
(since L is unimodular) which means that 2L* C L^. It follows, b = \ ^2 E L^p and 

52 = (2(5i)l)2 - 4 < -4 if (5i)l ^ 0. Since L is even, it follows that 5^ < -6. Thus, we 
have 5 = (5i):^ + 5/2. We then get [^\)\ = (5i)+/2 where (5i)+ G 5*+. Since S+ is negative 
definite, even and does not have elements with square —2, then (((5i)+)2 < —4 if {Si)\ 7^ 0. 
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If both elements 7^ 0, we then get 5^ < (—4 — 6)/2 < —2 which is a contradiction. It 

follows 61 E S+ U S^. 

If 62 € L^, one should replace ip hj if = np and argue similarly. We have Lf = Lr,^ and 

Lr,^ = Lf. n 

We shall use the lemma later. The rest considerations are similar to the proof of Theorem 
3.10.1 in and are now standard. 

Both lattices L'^ and L,- ,^ are hyperbolic and define hyperbolic spaces £5^ and Cr,if E.g. 
to define one should choose one of half-cones V~^{L':^) of the cone V{Lf) = {x G (g) 
M I > 0} and consider the set = ■l/+(L^)/M+ of rays in V+iLf). Similarly, Cr,^ = 
V+{Lr,^)/R-^. 

By global Torelli Theorem the triplets 

(2.2) (P]R)-non-degenerate triplets (X, r, Lp) of the type (5, 9) 

are described by their periods. Since S C N{X), periods should be orthogonal to S. It 
follows that periods of data ()2.2|) are pairs 

(2.3) (M+cj+,M+c<;_) eC^x Cr,^ 

(see Sect. 3.10 in jTHj for details). (We identify cohomology with homology using Poincare 
duality.) 

Let 0{L, S,G,ip) be the group of all automorphisms a E 0{L) such that a{S) = S, 
a\S E G and aip = ipa. The group 0{L, S, G, ip) acts in £^ x C^,^ as follows. For its element 
(3 we set /3(M+cj+, M+u;„) = (M+(±/3(u;+)), M+(±/?(c<;_))) where ±f3{uj+) and ±(3{uj_) are 
chosen to be in V~^{L'^) and V~^{Lt-^^) respectively. By global Torelli Theorem 24 , periods 
()2.3|1 define isomorphic data ()2.2|1 . if and only if they belong to one orbit of 0{L, S,G,ip). 
These periods we shall call equivalent. 

Let W^~'^\L'^) and W^~'^\Lr^yy) be the groups generated by all reflections in elements with 
square —2 of lattices and Lt-_<^ respectively. They are subgroups of 0{L, S,G,ip). Both 
these groups are discrete in hyperbolic spaces and Cr,ip and have fundamental chambers 
fl'^ C and flr,if C. Cr^ip respectively. They are connected. We get all periods of data ()2.2p 
up to equivalence if consider periods 

(2.4) (M+c^+,M+cj_) G X VLr,^. 

Further we consider only periods ()2.4j) . 

Consider (]R+c<j4., ]R+u;_) E Vt^ x 0.^-^^^. Consider the set 

(2.5) A(-^)(M+w+,M+cu_) = {5ELr\5'^ = -2, (5,cu+) = (5,c<;_) = 0}. 

A point (]R+c<j_|_, ]R+c<j_) in Vt^ x ^T,ip does not correspond to periods of data ()2.2|) if 
A(M+c<;+,M+cj_) ^ 0. Really, assume that 6 E A(M+cj+, M+cj_). Conditions ((5,cu+) = 
{5,ujJ) = mean that 6 E N{X). Since S"^ = —2, by Riemann-Roch Theorem for K3 
surfaces 6 or —6 is effective. Since S E L^, then t{6) = —S which is impossible for an 
effective class ±5 and a holomorphic involution r. 

Thus, we should delete from the set x flr,ip of possible periods of data ()2.2p all points 
(]R+ct;_|_, M+cij-) where or uj^ belongs to a face of the polyhedron Q'^ or Q.r,Lp since they are 
orthogonal to elements of the corresponding lattices with square —2 and define elements of 
A(M+cu+,M+cj_). 

Thus, all possible periods of data ()2.2|) are points 

(2.6) (M+^+, M+^_) G {n^j X {n;j 
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where ' means that we deleted all faces of the fundamental chambers (we can call them as 
open fundamental chambers). The set is connected since it is the product of open convex 
sets. For points {R+uj+, R+cu^) from (n+)'x (fi",^)', elements 5 G A(-2)(]R+cj+, ]R+cj_) cannot 
belong to L'^ or L^^^. 

Any 6 G A("^)(]R+u;+, ]R+cj_) has the property that S = 6+ ® 6^ where 6+ G (L^)* and 
5_ G L* Moreover (5+)^ < if 5+ 7^ 0, and (5_)^ < if 5^ < since they are elements 
of hyperbolic lattices orthogonal to their elements and uj_ with positive square. Since 
for points ()2.(jj) elements of A*-~^''(]R"'"u;+, ]R^a;_) cannot belong to L^^ip or L"^, we can also 
assume that 5+ 7^ and (5_ 7^ 0. 

Let 

A(-2) ={5 = 5+ © 5_ G I 5+ G (Ltr, 5- G (L.,^)*, 

(5+)' < 0, {6,y < 0, 52 = (5+)2 + (5_)2 = -2}. 

Let S = 6+®6^ G A(-2). Let = {M+cj+ G £^ | iio+,5+) = 0} be the hyperplane in 
which is orthogonal to 5+. Similarly, let Hs_ = {R'^U- G Cr,<fi \ = 0} be the 

hyperplane in C^-^^ which is orthogonal to 5_. Points (]R+ti;+, ]R+a;_) G Hs^ x T-Cs_ are exactly 
the points such that A(]R+co'4_, ]R+u;_) contains 6, and they should be deleted from the set of 
possible periods of data ()2.2|) . Thus, the set of possible periods of data ()2.2|) is 

(2.8) (M+cj+,M+cj_) G fii = {n^y X (n,,^)' - I \J Hs+x Hs. 

\<5gA(-2) 

The space Qi is connected because T-Cs_f_ x Ti^^ has codimension 2. Moreover, the set of 
hyperplanes 'Hs_^_, S G A^"^), is locally finite in because all 5+ belong to a lattice (Iv!^)* 
and > > —2. Hyperplanes 'Hs_, S G A(~^\ have the same property in £r,i^- 

The set ()2.8j) g'zves periods of all triplets {X, r, ip) of the type {S, 6) without additional 
condition that they are (DR)-non-degenerate (it follows that Theorem\^is valid if we delete 
the words (VR)-non-degenerate) . Let us add the last condition. 

Let us denote by 

(2.9) A(-^) C 

the set of all elements 62 G Lr such that 82^ = —4 and there exists 61 G S with conditions: 
= —4, S = (5i + (52)/2 G L, there exists an element h G S*- nint(A^) such that {5i, h) = 0. 

For {R+UJ+, R+uj_) e x Cr,^, we denote by Q^-^\R+uj+, R+uj_) the set of all 62 G A^"^) 
such that {u+,62) = {00^,62) = 0. A triplet ()2.2|1 is ('D]R)-degenerate, if and only if its 
periods (]R+co'+, ]R'^co'_) have the non-empty set n^~^)(]R+u;+, M+cij.). Thus, we should delete 
from fli in ()2.8|) all these points. 

Like for A^~^) above, the set of these points has codimension one only if there exists 
^2 G r2*-^'*''(]R^co'+, ]R+u;_) such that ^2 G U L^.tp. By Lemma El then the corresponding 
61 belongs to 5'_ U S+ (see definition of A^"'') in ^M>)- Let 6 = {61 + 62) /2 G L and 
6' = {—61 + 62) /2 G L. Since 6^ = = —2, there exist reflections ss, ss' in these elements 
which belong to 0{L). Their composition s = ssss' acts in S' = L"^ as the reflection ss-^ 
in Si, and it acts in Lr as the reflection in 62- Moreover, the reflection 55^ G G since 
5i G S_ U S+ and {h, 61) = for /i G mt{M). It follows that s G 0(L, S, G, <p). 

Thus, we get all equivalent periods of data ()2.2|) . if we replace (flf)' and flr,ip, (^r,(/3)' 

by the corresponding fundamental chambers (and open fundamental chambers) Q'^, {^r)' 

and flr,<fi, (^T,i^)' for the groups W{L'^) and W{Lr,^) generated by reflections in all elements 
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with square —2 and in all elements from A*^ which are contained in lattices and L,- ,^ 
respectively. 

Let A(-^) = A(-^) - m U Lr^). If 62 G A^"^), then we write 62 = {62)+ + {62)- where 
{62)+ e my and {62)- G {Lr,^y. 

The set of all periods of data ()2.2|) is then 

(2.10) {R+Lu+,R+Lu_) en = (fi;)' X (fi,,^)' - I IJ Hs^x ns_ I 

\<5eAuA{-4) / 

where (fip' and (f^r.i/^)' are open locally-finite polyhedra in hyperbolic spaces; the products 

Tis^ X T-Cs_ have codimension two and their set is locally finite in (fljp)' x [Qt^^)'. It follows 
that Q is connected. 

By epimorphicity of Torelli map for K3 surface JSj applied to real K3 surfaces, there 
exist data ()2.2j) with any periods from ()2.10|) . Thus, by Global Torelli Theorem and 
epimorphicity of Torelli map for K3 surfaces |1^ , the moduli space of data ()2.2|1 is covered 
by the connected space Q defined in (|2.10|) . More exactly, the moduli space of data (|2.2p is 
the quotient of Q by the stabilizer subgroup of fl in 0{L, S, G, ip), and it is connected. 

This finishes the proof of the Theorem. 

Let us add the standard details to that. Assume (]R"'"a;+, ]R"'"cj_) G fl. We can choose u+ 
and uj_ to satisfy conditions a;^ = cu^ > 0. Let u = 00+ + ioj^. Then tu^ = and {uj.uj) > 0. 
We have t{u) = -to and ip{uj) = to. Let if^'O = Co; C L O C. We then have r(if2,0) = ^2,0 
and ip{H^'°) = = Ipfi. 

We choose h E such that h belongs to the interior of the fundamental chamber M.. 
This is possible because of our conditions on 6. 

Let N = {x & L \ (ti;,x) = 0} = {x G L I {ooj^^x) = {to_,x) = 0}. The lattice is 
hyperbohc. Let S e N and S"^ = —2. We claim that {h, 6) ^ 0. 

We can write 6 = {61 + 52)/2 where 5i G S and 62 G L^. We have 62^ < if ^2 7^ because 
its orthogonal complement in L,- C?) M contains, toj^^ ± to_ with positive squares and has 
exactly two positive squares. 

We have 61 7^ 0. Otherwise, 6 E L^- and A*^^^^(]R+co'_|_, ]R+cj_) 7^ which is not the case for 
points of fl by our considerations above. 

Assume (5i 7^ and > 0. Then {h, 5) = {h, 61) 7^ because S is hyperbohc and h"^ > 0. 

Assume 5i 7^ and < 0. Since —2 = 5^ = (5i^ + 52^)/4 and L is even, then we 
have three possibilities: (0) ^2 = and 6 = 6i/2 G 5*; (1) = —2 and 62'^ = —6. (2) 
= (^2^ = ~4. Let us consider all of them. 

(0) and (1). Since h is in interior of Ai and A4 is the fundamental chamber for the group 
generated by reflections in all elements of S with square —2, we then have {h, 5) 7^ for (0), 
and {h,S) = {h,Si)/2 ^ for (1). 

(2) If {h,6i) = 0, we get a contradiction with our construction of Q in ()2.10|) . Thus, 
{h,S) = {h,S,)/2j^0. 

It proves the claim: [h, 5) 7^ for any 6 E N with 5^ = —2. 

By epimorphicity of the period map for K3 surfaces |13], there exists a complex K3 surface 
X and an isomorphism ^ : H2{X,Z) L such that ^-\H^'^) = H'^^^{X) and ^-^{h) is a 
polarization of X. By Global Torelli Theorem for K3 surfaces ^M,-, the choice of (X, ^) is 
unique up to isomorphisms. The pair (X, r^) satisfies the same conditions. Thus, ■C^^t^ 
is induced by a unique automorphism of X which we denote by the same letter r (for 
simplicity). The r acts as —1 on i7^'°(X) and as an involution in H2{X,'Ij). It follows that 

r is a non-symplectic involution of X of the type S. 
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The pair {X, (fC,) is another pair with the same properties as (X,^) where X is the surface 
X with the conjugate complex structure. It follows that C,~^<fC, is induced by an anti- 
holomorphic involution of X which we denote by the same letter (f. 

Finally we get a unique, up to isomorphisms, a triplet (X, r, ip) from ()2.2|) with periods 
which are equivalent to (]R^ci;+, M+u;.) G fl. 
□ 

2.2. Connected components of moduli of non-degenerate real right DPN-pairs. 

Below we consider a description of K3 surfaces with non-symplectic involutions using the 
corresponding quotients and double coverings. See [221 , PQ; |2] and also l4J for details. 

Let (X, r) be a K3 surface with a non-symplectic involution r and A = the set of 
fixed points of r. Since t*{ujx) = —ujx and ux has zero divisor, it follows that A is a non- 
singular curve of X. It follows that the surface Y = X/{l,r} is non-singular, the quotient 
map TT : X — > y is a double covering ramified along a non- singular curve A (Z Y. Simple 
considerations show that Y is Enriques surface if A = 0, and F is a rational surface if A 7^ 0. 
The non-singular curve A G | — 2Ky\ and the irregularity gy = dim H^{Y,Q^) = 0. The 
opposite statement is also valid. If F is a non-singular surface, A G | — 2Ky\ a non-singular 
curve, and gy = 0, then the double covering of Y ramified along A gives a K3 surface X 
with a non-symplectic involution of the double covering. A pair {Y, A) with these properties 
is called a right DPN pair. The surface Y is called a right DPN-surface. We follow the 
terminology of [221, DP 0- 

We mention that a general (not necessarily right) DPN-pair is a pair {Y, A) where y is a 
non-singular surface with gy = 0, A G | — 2i^'y | and A has only ADE-singularities; the surface 
Y is called a DPN-surface. Any DPN-pair gives a right one after a sequence of blow-ups in 
singular points of A. This sequence is canonical, and studying of general DPN-pairs can be 
reduced to studying right ones. Any general DPN-pair can be obtained from a right one by 
a sequence of contractions of exceptional curves of the 1st kind. Further we consider only 
right DPN-pairs and right DPN-surfaces. 

Like K3 surfaces with non-symplectic involutions, we call a right DPN-pair {Y, A) to 
be (V )-degenerate if the corresponding K3 surface with non-symplectic involution (X, r) is 
(D)- degenerate. Similarly, we call a real (i.e. with an anti holomorphic involution 9) DPN- 
pair {Y.,A) to he (D"^)- degenerate if the corresponding real K3 surface with non-symplectic 
involution (X, r, 99) is (DM.) -degenerate. Below we discuss that. In particular, we shall see 
that the property to be degenerate depends only on the quotient Y = X/{1, r}. It does not 
depend on A. 

We follow notations from P which are a little different from [22 . We use the following 
facts about right DPN-pairs {Y, A) and the corresponding K3 surfaces with non-symplectic 
involutions (X, r) of the type S. 

Any exceptional curve F of Y (i. e. an irreducible algebraic curve F with negative 
square < 0) is a non-singular rational curve with square —1, —2 or —4. If = —4 
(the type I), then F is a component of A and its preimage E = tt^'^{F) is a component 
of X^ with E^ = -2. If F^ = -1 (the type II), then {F,A) = 2. If A intersects F in 
two different points (the type Ila), then 7c~^{F) = E where F is a non-singular rational 
curve with square —2. If F^ = —1 and A is tangent to F with multiplicity 2 (the type 
lib), then 7r~^(F) = F + r(F) where F is a non-singular rational curve with square —2 and 
(F, r(F)) = 1 (remark that (F + t{E)Y = -2 like for F^ of the type Ila). If F^ = -2 (the 
type III), then 7r~^(F) = F + r(F) is disjoint union of two non-singular rational curves of X 
with square —2. 
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We have the following description of exceptional curves on Y in terms of X. Let A(S')'- '^^ = 
{S e S \ 6^ = -2}. Let A(5,X)(-^) be the set of all 6i e S such that = -4 and there 
exists 62 G ^]^(^) such that 62^ = -4 and 6 = {61 + 62) /2 G N{X) (then 5^ = -2). All 

elements of A(S', X)*^~^) are roots of S with square —4. Let W{S,X) C 0(5*) be the group 
generated by reflections in all elements of A (5, X) = A(5)(-2)uA(5, Theset A(5,X) 

is invariant with respect to W{S,X). The group W{S,X) is a discrete reflection group in 
V^{S) and in the corresponding hyperbolic space V"+(S')/]R'''. All reflections from W{S,X) 
are reflections with respect to elements from A{S,X). All faces of a fundamental chamber 
of W{S, X) are orthogonal to A(^, X). Let /C(X) C iV(X) ® M be the Kahlerian (or the nef 
cone) of X. The crucial fact is that A4{S,X) = (S" ® M) fl /C(X) zs a fundamental chamber 
for the group W{S,X). Its faces are orthogonal exactly to preimages '/r*(F) of exceptional 
curves FofY. 

Let us take a face of Ai{S,X). Then it is orthogonal to 5 G A(S', X). We have: 
6 = vr*(F) where F"^ = —1, if 5^ = —2 and 6 is not the class of a component of X^; 
25 = 7r*(F) where = —4, if 5^ = —2 and 6 is the class of a component of X'^. 
5 = 7r*(F) where = -2, if 5^ _ § ^ A(5,X)(-4). 

By the projection formula, we also have Ai{S,X) = 7[*{Ai{Y)) where Ai{Y) is the 
Kahlerian cone of Y. 

Using these results, we get 

Proposition 3. A right DPN-pair {Y,A) (or the corresponding non-symplectic involution 
{X,t)) is (V)- degenerate, if and only ifY = X/{l,r} has an exceptional curve with square 
-2. 

Proof. We have A4.{S^ X) C M. where Ad is the fundamental chamber for the group W'^~'^\S) 
generated by reflections in A^^^)(S'). 

If X is (P)-degenerate, then M.[S, X) M.. \t follows that at least one face of AA{S, X) is 
not orthogonal to an element 5 E S with 5"^ = —2. Then it is orthogonal to 5 G A(5', X)*^"^^ 
where 5^ = —4. It follows that 6 = vr*(F) where F is an exceptional curve of Y with 
F2 = -2. 

Let F be an exceptional curve on Y with = —2. Then 6 = 7r*(F)) G S where 
52 = = —4. It follows that at least one face of ^^(5, X) is orthogonal to an element 
of 5* with square —4. Then it cannot be orthogonal to an element of 5* with square —2. 
Otherwise these two elements are Q-proportional which is impossible for an integral lattice. 
It follows that M{S, X)^ M and Y is (r')-degenerate. □ 

As an example, let us apply cited above theory of DPN-surfaces to S = U{2). The lattice 
S has no elements with square —2. Then Y has no exceptional curves with square —1. 
Moreover, rkif2(y^]R) ^ ^1^5' ^ 2. Since Y can be only a rational or Enriques surface, it 
follows that y is a relatively minimal rational surface F = F„ where n = 0, 2 or 4 since 
a right DPN-surface may have only exceptional curves with squares —1, —2 or —4. For 
S = U{2), the set of fixed points X'^ = Cg G | — Ky\ is a non-singular irreducible curve of 
genus 9 (see the formula ()2.12j) for X'^ below). This is only possible for Fq or F2 since any 
curve C G I — 2K^^\ contains the exceptional section (rational) of F4 (see Sect, d below). 
The case Y = ¥2 gives (P)-degenerate case because the exceptional section of F2 gives an 
exceptional curve with square (—2). In the (P)-non-degenerate case, y = x P^. Thus, 
we get 

Proposition 4. For a non-symplectic involution t of a K3 surface X with the lattice S = 
U{2) the surface Y = X/{l,r} is Y = x F'^ in the V -non- degenerate case, and y = F2 
in the V-degenerate case. 
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We have a similar to Proposition El statement over M. 

Proposition 5. A right real DPN-pair {Y, A, 9) (or the corresponding real non-symplectic in- 
volution {X,T,ip) where 6 = if mod {1,t}) is (D"^)- degenerate, ifandonlyifY = X/{l,T} 
has an exceptional curve F with square —2 such that {F,9{F)) < 1 (equivalently, either 
6{F) = F or the intersection matrix of F and 6{F) is negative definite). 

Proof. If Y is the complex conjugate surface to Y, then Y has the same exceptional curves 
as Y with the complex structures on them changed by the conjugate. It follows that for 
any exceptional curve F of F we have 0{F) = Fi where Fi is another exceptional curve 
of Y (called 6'-conjugate) and = —[Fi] where [C] denotes the homology class (or 

cohomology class since we always identify homology and cohomology) of a holomorphic 
curve C . 

The pair (F, A, 9) is (P]R)-degenerate, if and only if the inclusion 

M{S,X) n (S_ ®M) c A< n (S_ ®M) 

is strict. By considerations for the proof of Proposition |2l it is equivalent to existence of 
an exceptional curve F of F with F^ = -4 such that 7r*[F] = 6 e A(^,X)(-^) and the 
inequality {x,6) > considered in fl (S*- C>?>M) gives its proper subset. Let 6 = ((5_ + (5+)/2 
where 6- E S-* and 5+ G 5"+*. 

The inequality (x, 5) > is equivalent to {x,6-) > for x G S'_ ® M. If 5-^ > 0, the 
inequality is trivial on Aid {S- M) since S- is hyperbolic and A4 has only elements with 
non-negative square. 

Thus, we can assume that < if the pair (Y, A, 9) is (P]R)-degenerate. Let F be one 
of components of tt~~^{F). We have 

6 = [F] + [t{F)], 

5- = [F] + MF)] + [r(F)] + [r(^(F)], 

h = [F] - HF)] + [r{F)] - [r(^(F)]. 
It follows, 0> 6J = {7f*{F) + 7r*{9{F))f = 2{F + 9{F)f = 2{F^ + 9{Ff + 2(F, 9{F)) = 
2{-A + 2{F,9{F)). Then {F,9{F)) < 1. 

Let us prove the opposite statement. Let F be an exceptional curve of Y with F"^ = —2 
and {F,9{F)) < 1. If {F,9{F)) < 0, then 9{F) = F because both curves F and 9{F) are 
irreducible. If {F, 9(F)) = or 1, then 9{F) ^ F, and the intersection matrix of the curves 
F, 9{F) is negative definite. It follows that F and 9{F) (where 9{F) = F for the first case) 
define a face of the nef cone A4{Y) of Y: there exists a nef element H of Y with > 
such that {H,F) = {H,9{F)) = and {H,E) > for any other exceptional curve E of Y 
which is different from F and 9{F). The elements {—9*{H)) and h = H — 9*{H) are also 
nef . We have 9*{h) = —h, thus h is a real nef element. Since 9*[F] = —[9(F)] , it follows 
that {h,F) = {H,F)-{9*{H),F) = {H,F)-{H,9*[F]) = {H,F) + {H,9{F)) = 0. Similarly, 
{h,9{F)) = 0. Moreover, {h,E) = {H,E) + {-9*{H),E) > {H,E) > for any exceptional 
curve E of Y which is different from the curves F and 9{F). It follows that the real nef 
element h belongs to a face of Ai{Y) which is orthogonal to F and 9{F), and h does not 
belong to a face of Ai (Y) which is orthogonal to any other exceptional curve EofY different 
from F and 9{F). 

We have M{X, S) = 7T*{M(Yj) and 'n-*{h) G M{X, S) is a real nef element which belongs 
to one or two faces of Ai{X, S) which are orthogonal to elements vr*[F] and tt*[9{F)] with 
square —4 of S, and TT*{h) does not belong to any other face of A4{X,S). It follows that 
7T*{h) is inside of because faces of A4 are orthogonal to elements with square —2. It 
finishes the proof of the statement. 
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Let {Y, 6, A) be a real right DPN-pair, i. e. (F, 9) is a non-singular projective algebraic 
surface over C with an anti-holomorphic involution 9 (i. e. a real projective algebraic surface 
y/M), and A G | — '2Ky\ is a non-singular curve such that 9{A) = (A) (i. e. a real curve 
A/M.). Later we shall also use notation {Y,A)/'R (or just {Y,A)) for a pair defined over M. 
It is natural to consider two such pairs {Y, A, 9) and {Y', A', 9') to be isomorphic if there 
exists an isomorphism / : F — > F' of algebraic surfaces over C such that f{A) = A' and 
f9 = 9'f. The corresponding moduli space should parameterize isomorphism classes of such 
pairs. But we consider a more delicate isomorphism relation between real right DPN-pairs. 
Studying connected components of moduli for this more delicate isomorphism relation gives 
an additional information about monodromy. 

There exist two real double coverings of Y ramified along A which give two real K3 surfaces 
with non-symplectic involutions {X, r, ip) and {X, r, ip) where ip = np. They define the same 
real right DPN-pair {Y = X/{1,t}, A = X'^, 9 = ip mod {l,r}). The real K3 surfaces 
with non-symplectic involutions (X, r, (p) and (X, r.ip = Tip) are called related. A real right 
DPN-pair (y, A, 9) together with a choice of one, between two, real double coverings of Y 
ramified along A (equivalently together with a choice of one, between two, real K3 surfaces 
with non-symplectic involutions (X, r, ip) such that its quotient by r gives (F, 9, A)) is called 
a positive real right DPN-pair. We shall denote a positive DPN-pair as (y, ^, A)^ (or (F, A)^ 
for (y, A)/M). Then a related DPN-pair will be denoted by (y, 9,A)~. If (F, 6*, A)+ is given 
by (X, r, ip), then {Y, 9, A)~ is given by (X, T,ip = np). Obviously, considering of real right 
DPN-pairs {Y, 9, A) is equivalent to considering of sets of related positive real right DPN-pairs 
{{Y, 9, A)~^, {Y, 9, A)~}. An isomorphism of two positive real right DPN-pairs is equivalent to 
an isomorphism of the corresponding real K3 surfaces with non-symplectic involutions. Thus, 
we can define positive real right DPN-pairs of the type {S, 9) and isomorphism of real right 
DPN-pairs with respect to the group G defined by {S,9). Obviously, an isomorphism of real 
non-symplectic involutions (X, r, ip) and (X', r', ip') defines the corresponding isomorphism 
of the related non-symplectic involutions (X, r, ip) and (X', r', ip'). Moreover, the type {S, 9) 
and the group G don't change for related real non-symplectic involutions. Moreover, by 
Proposition El related pairs are (PM)-degenerate simultaneously. 

Since positive real right DPN-pairs are equivalent to real non-symplectic involutions of 
K3, we get from Theorem^ an equivalent 

Theorem 6. The natural map gives the one to one correspondence between connected com- 
ponents of moduli of (DM.) -non- degenerate positive real right DPN-pairs (Y, 9, ^4)+ of the type 
[S, 9) and the set In{S, 9, G) of isomorphism classes for G of integral involutions (L, ip, S) 
with the condition {S,9) satisfying (RSK3). 

Integral involutions (L, ip, S) and (L, ^, S) corresponding to related pairs (y, 9, A)^ and 
{Y, 9, A)~ are related as = np. We remind that r acts as +1 on S and as —1 on Sj^. Natu- 
rally, integral involutions (L, ip, S) and (L, ip, S) are called related. We denote the involution 
(L, ip, S) — > (L, ip, S) in In(S', 9, G) as r too. From Theorem [HI we get 

Theorem 7. The natural map gives the one to one correspondence between connected compo- 
nents of moduli of (DM) -non- degenerate real right DPN-pairs {Y, 9, A) of the type {S, 9) and 
the set In{S,9,G) / {\,t} of isomorphism classes for G of pairs {{L,ip, S), {L,lp = np, S)} of 
related integral involutions with the condition {S,9) satisfying (RSK3). 

2.3. General classification results about real K3 surfaces with non-symplectic 
involutions and real right DPN-pairs. The first, the most important invariant of a 
K3 surface with a non-symplectic involution (X, r) is the isomorphism class of the lattice 
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Figure 1. All possible (r,a,5) = {r{S),a{S),6{S)) = {r{T),a{T),6{T)) 



S = H2{X, . The lattice S defines the type of (X, r) and of the corresponding right DPN- 
pair {Y = X/{1, r}, A = X"^). The lattice S is any hyperbolic (i. e. of signature (1, t(_)(S')) 
and of the rank r{S) = 1 + t(_)(S')) even lattice having a primitive embedding S G L to 
the even unimodular lattice L = H2{X, Z) of signature (3, 19) and such that there exists an 
involution t of L with = S. The last property is equivalent for S to be 2-elementary, 
i. e. S* / S = (Z/2Z)"('^'' where a{S) > is an invariant of S. Another invariant S{S) of 
S is equal to or 1. The S{S) = if and only if (x*)^ G Z for any x* G S*; equivalently, 
{z,t{z)) = mod 2 for any z E L. (Namely, 5{S) means 5{t) like 5{^) below.) The triplet 
(r(S'), 0(5*), 5{S)) is the complete list of invariants of the isomorphism class of 5*. All possible 
triplets (r, a, (5) = {r{S),a{S),5{S)) were classified in jTH], see also [20] and j22]. They are 
presented in Figure [T] (it is the same as Figure 2 in |221)- 

We have 
(2.11) 

X"=0, if (r(5),a(5),5(S)) = (10,10,0); 

=Ci + Ci' if (r(5), a(S), 5{S)) = (10, 8, 0); 
X^ =Cg(s) + E, + --- + Ekis), 9{S) = (22 - r{S) - a(S))/2, k{S) = (r(5) - a{S))/2. 
Here Cg denote a curve of genus g and Ei = F^. We have 

(2.12) X^ ~ mod 2 in H2{X, Z) 

if and only if S{S) = 0. The dimension of moduli of pairs (X, r) and the corresponding 
DPN-pairs (Y, A) is equal to 20 -r{S). See f2U] and [22j. 

The type {S, 9) of a real K3 surface with a non-symplectic involution (X, r, Lp) is defined 
by the isomorphism class 9 of the action of ip on S. Any 9 with the conditions is 
negative definite and does not have elements x G with x"^ = —2 can be taken as a type. 
Equivalently, (—9) G 0~^{S) and [—9) gives an involution of a fundamental chamber of 
iy(-2)(^). Finding of all possible types {S, 9) is a purely arithmetic and not difficult problem 
related with the automorphism group of the hyperbolic lattice S and its subgroup W^~'^\S). 
In this paper, we shall consider lattices S with r{S) < 2 when the problem of finding of 
possible types (5, 9) is very simple. It is why we don't consider this problem in this paper 
any more. See j3] about some results in this direction. 

Assume that the type {S, 9) is fixed. We denote = and S- = Sq. We shall use 
invariants 

(2.13) s = rkS, p = ikS^ 

Then S has the signature (s{+), S(_)) = (1, s — 1) and S+ has the signature (p(+),p(_)) = (0,p). 
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First we calculate the group G which we had uses in Theorems ^ El and [7| Let a E S and 
= —4. If a G A(5', L)^~^\ then a is a root of S, i. e. (a, S) = mod 2. Let (—4) be a 
lattice generated by /? with = —4. Let © (—4) be the orthogonal sum of S and (—4). 
Let S © (—4) C S{a) be its overlattice of index two which is generated by (a + P)/2. 

Lemma 8. The element a E A{S, L)^~^^ if and only if there exists a primitive embedding 
S{a) C L. 

In particular, this is true if r{S) + a{S) < 20. It is also valid if r{S) < 10. Thus under 
one of these conditions, A(5', L)^^^^ consists of all roots a E S with o? = —4. 

Proof. The first statement is trivial. 

We have ik S{a) = r{S) + 1, the minimal number l{As(a)) of generators of As(a) = 
S{ay/S{a) is not more than a{S) + 1. Thus, rk5'(a) + l{As(a)) < r{S) + 1 + a{S) + 1 < 
22 = rkL. By Corollary 1.12.3 in there exists a primitive embedding S{a) C L. 

The last statement follows from the obviouse inequality a{S) < r{S). 
□ 

Using results of ^H] more heavily, one can give a necessary and sufficient condition of 
a E A(S', L)^~'^\ We have restricted here the simple sufficient condition which is enough for 
this paper. 

Let us introduce 

A(5±, = {aES±\a^ = -4, (a, S)=0 mod 2}. 

Let W^~'^\S±, S) be the group generated by reflections in all elements of A(5'±, SY~^\ From 
Lemma IHl we get 

Lemma 9. // a{S) + r{S) < 20 (in particurlar, if r{S) < 10), then the group G = 
W^-^\S+,S) X W^~*\S^,S). 

In general, the group G is a subgroup of W^~'^\S+, S) x W^'^\S^, S). In Theorems [TJ 
ini and [7| one can replace G by the bigger group W^-^\S+,S) X W^-^\S^,S) to simplify 
considerations. Of course, the results can be weaker then. 

We say that two integral involutions (L, Lp, S) and (L', ip', S) of the type {S, 6) have the 
same genus with respect to the group G of {S, 6) if there exists an automorphism ^ : S ^ S 
from G which can be continued to an isomorphism (L, y?, S") © M — >■ (L', S") © M over M, 
and an isomorphism (L, S") © Zp (L', ip' , S) © Zp over the ring Zp of p-adic integers 
for any prime p. Other speaking, the integral involutions (L, ip, S) and (L', ip' , S) cannot 
be distinguished considering over M and modulo any integer using isomorphisms on S 
which belong to the group G. All the genus invariants (for an arbitrary even lattice S 
with an involution 9) were found in [21] together with necessary and sufficient conditions 
of existence. In many cases the genus has only one isomorphism class. Then the genus 
invariants give complete invariants of the isomorphism class. Below we remind these results 
adapting them to our case. 

We assume that the integral involution {L,ip,S) satisfies the condition (RSK3). I. e. the 
lattice L is even unimodular of signature (/(+),/(_)) = (3, 19). The lattice L'^ is hyperbolic 
of the signature = (l,t(_)). Then the only real invariant of {L,ip,S) is 

(2.14) r = rkL'^ = 1 + 

Below we describe the genus invariants of the integral evolution (L, (p, S) of the type {S, 6). 
To simplify notations, we temporarily denote L+ = L"^ and L_ = L^p. 
Since L is unimodular, we have 

(2.15) Al^ = L±*/L± = L/{L+ © L_) = (Z/2Z)" 
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where a > is an integer. It is one of the most important genus invariants. 
We also have genus invariants 

^2 -j^gN ^ — I ^ if (a;, ^{x)) = mod 2 Vx G L 

^ ' 1^ 1 otherwise ' 

and 

{0 if (x, ^{x)) = (x, s^) mod 2 Vx G L 
for some element s,^ in 5* 
1 otherwise 

If 6^s = 0, then the element occurring in the definition of 6^s is uniquely defined modulo 
25. It is called the characteristic element of the involution ip. 

Depending on these invariants, we divide (L, ip, S) into the following 3 types. 

Type 0: 6:^s = and 5^ = 0; 
Type la: 6^s = and 6^ = 1; 
Type lb: 6^s = ^■ 
For x± G S± we put , 

(2.18) = I ? ^1 j^^'.^^) " ° 2' 
^ ^ ± [ 1 otherwise. 

Equivalently, 6^^ = iff |x± G 2L^. 
Since L is unimodular, 

(2.19) 4^ = ^ 3x'i G : ^(a;± + a;±) e L. 

The elements x'_j_ are defined by the elements x± uniquely modulo 2L^; this enables us, for 
elements x+ G 5*+ and x_ G S*- for which 5x_^ = Sx_ = 0, to define the invariant 

1 1 

Px+x^ = -^ix^,x'_) mod 2 = — -(x'^,x_) mod 2 G Z/2Z. 

Thus, we get a list of genus invariants 

(2.20) (r, a; 5^:^ , 6x_ , ; 5^, 5^5, s^) 

where they are defined. E. g. the element G 5* mod 25* is defined only if 6^s = 0; the 
invariant Px+x. is defined only if = 5x_ = 0. From it follows that: 

Two integral involutions with the condition {S, 6) have the same genus with respect to G, 
if and only if the invariants ()2.20j) are conjugate by the group G of the condition {S,d). 

To formulate conditions of existence of an integral involution with the genus invariants 
()2.20|) . we need to reformulate the invariants ()2.20|) . 
We have the function 5-1- : S± — > Z/2Z where x± t— > 6x^- We set 

= 6^\0)/2S± C S±/2S±. 

The subgroups are equivalent to the invariants S^^- We have a more exact range for the 
subgroups H±: 

r± = (25)±/25± CH^C 2(5±* n (^5±))/25± = (5±* n (^5±))/s± = 41 C As^. 
Here {2S)± are the orthogonal projections of 25 C 5*+ © to S± respectively. This projec- 

(2) 

tions also give the graph F of the isomorphism 7 of the groups F-|- and F_. The Ag^ denote 
the subgroup of As^ generated by all elements of order two. Let 
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For simplicity we identify if± = if± mod T C H. We can define a finite quadratic form 
gp : if ^ iZ/2Z as follows 

qp\H+ = qs+ \H+; qp\H^ = -qs^ \H^] qp{x+, xJ) = ^f±^ mod Z for x± G H±. 

The finite quadratic form is defined correctly and is equivalent to the invariants Px+x- ■ In 
if+ X r_ and r+ X if_ the invariant px+x. is defined by the discriminant quadratic forms 
qsj^ and qs_ of lattices 5+ and S- respectively. We shall also denote by 

p: H+x H_ ^ Z/2Z 

the pairing p(a;+,x_) = Px+x-- Thus gp(x+,x_) = p(x+,x_)/2 mod 1. 
Moreover (see |2I]), the characteristic element 

V = s^e H = H+®.,H^ C iS+® S-)/2S, if 6^s = 0. 

In particular, v = if 6^ = 0. The element v should be characteristic for the quadratic form 
qp on H which means that gp(x, v) = qp{x, x) (mod 1) for any x & H. The element v is zero, 
if = 0, and v is not zero, if 6^, = 1. 

Thus, the genus invariants (j2.2Up are equivalent to the described above genus invariants 
(2.21) {r,a;H+,H_,qp;6^,6^s,v)- 

Now we introduce some numerical invariants of the data 1)2.211) which are important for 
their existence. 

Let aM be the rank over (Z/2Z) of a 2-elementary group M. Thus, we have the numerical 
invariants au^ , ar± = ciT+ = ar_ O'nd au = + aH_ — ar± • 

Any finite 2-elementary quadratic form is an orthogonal sum © of elementary forms. The 
elementary forms are: 
z on Z/2Z^ with z{C) = mod 2; 
w on Z/2Z^ with w(^) = 1 mod 2; 

n+(2) on Z/2^i + Z/2Z6 with ^+(^0 = ^+(6) = mod 2, ^+(^1,6) = | mod 1, 
a(M+(2)) = mod 8; 

v+{2) on Z/2ei + Z/2Ze2 with v+{^,) = v+{^2) = 1 mod 2, t;+(ei,6) = | mod 1; 
a(w+(2)) = 4 mod 8; 

qa{2), a = ±1 mod 4, on Z^ with g„(2)(0 = a/2 mod 2. By definition, a(g«(2)) = ±1 
mod 8. 

Any finite 2-elementary quadratic form / with a non-degenerate bilinear form is an or- 
thogonal sum of 'U+(2), f+(2) and qa{2) and has the invariant a mod 8 which is equal to the 
sum of a for all its summands. It has an additional invariant 6. The 5 = if / is orthogonal 
sum of only m+(2) and ^+(2) (equivalently, / takes values in Z). Otherwise, 6 = 1. Up to 
isomorphisms, the / is defined by its rank k, a mod 8 and 6 G {0, 1}. Then we denote / as 
/ = <l{k,S, a). 

The quadratic form qp on H is one of forms of the rank an = clh^ + aH_ ~ ar± with the 
invariants (5// = or 1; /ip = or 1: 

6h = 0: qp = z^'~^^ © w^' © t;+(2)"^/^ © ^^(2)(««-^p)/2--p/4^ 

where /Zp = or 1, cXp = or 4 mod 8 and o p > 0, and Pp + crp/4: < 1; 

Sh = 1, Pp = : qp = z^" © q{aH - kp, 1, dp), 

6h = 1, Pp = l: qp = z''^-^ ®w® q^{2Y"-^'' 

where au > kp. 
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The invariant 5// = iff qp{x) G Z for any x E H . We similarly introduce the invariants 
Sh± for tlie form qp\H±. We fiave 

Sh = max{5H+,SH_}- 
If 5^5 = and v = s^p E H is the cliaracteristic element of (p, we get the invariant 

Cy mod 4 where Cy/2 = qp{v) mod 2. 

Thus, we get invariants 

(2.22) {aH±,ar±,6H±;kp, iJ,p,ap,Cy) 
of the data ^TH^ . 

—————— (o\ 

We need some more invariants of data ()2.21|) . An element v G A^^ is called characteristic 

if ^^^(a;) = qs^{v,x) mod 1 for any x G ^5^- We remind that is generated by all 
elements of order 2 in As^. 

We say that ^^5^ = if S^s = 0, the element v = E H± and v is equal to a characteristic 
element of Ag^. Otherwise 6^s± = 1- 

Assume that S^s± = 0. We consider a non-degenerate finite quadratic form 

0, if (5^ = 0, equivalently f = 0, 

_ gi(2) © g-i(2), if 5,^ = 1 and c„ = mod 4, 

~ gi(2)2, if = 2 mod 4, 

g±i(2), if Ci, = ±1 mod 4. 

Let v^^ be the characteristic element of 7± (it is unique). We have ■y±{v-y^) = c„/2 mod 2. 
We denote ((3's±)t, = {v Q) v.y^)^^ ®{t7±)/[^ ® ""li]- There exists a unique even 2-adic lattice 
K{{qs±)v) having the discriminant quadratic form {qs±)v and the same rank as the form 
{qs±)v (i- e. the minimal number of generators of the 2-group where the form is defined). 
We denote by Ag the group where a finite form q is defined and by \Ag\ its order. The 
invariant 

G (Z/2Z) 

is defined by 

_ detir((g5±)J , ^ . o*2n 

I ^S± I ■ I ^7± I 

where Qp is the field of p-adic integers. 
Finally we get invariants 

(2.23) {Sips+,S^s^,£v+,£v^) 

By our construction, the finite quadratic form qp on H has an embedding to the discrimi- 
nant quadratic form qi^ which is 2-elementary, and the characteristic element v (if S^ps = 0) 
goes to the characteristic element of qi^- The following conditions from [2Tj are sufficient 
and necessary for its existence (we numerate these condition as in |2I]). They use invariants 
()2.22|) and invariants r, a, 6^s, and 6^,. 

CONDITIONS 1.8.1 (from pT]). 
Type (6^ = 6^s = 0): 

Conditions on H±. 5h+ = = 0. 
Inequality, a > aH+ + — ar± + kp. 

Congruences. 1) a + r = {] (mod 2) ; 2) 2 — r = (mod 4). 

Boundary condition. If (a = a^^ + aH_ — a^^ + kp, fip = 0), then 2 — r = ap (mod 8). 
Type la (5^ = I, 6^s = 0): 
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Conditions on H, p and c„. 1) = a^^ + — CLr± ~ kp (mod 2). 2) If fip = 0, then 
Cy = ap (mod 4). 3) an^ + clh^ — 0'T± > 0. 4) U = ^H- = 0, then kp > 1. 5) If 
(5h+ = = 0, kp = fip = 1), then = 2 (mod 4). 
Inequality, a > an^ + aH_ — ar± + kp. 

Congruences. 1) a + r = (mod 2); 2 — r = c^, (mod 4). 

Boundary condition. If (a = an^ + aH_ — ar± + kp, pp = 0), then 2 — r = cxp (mod 8). 

Type lb (S^ = 1, 6^s = Ij- 
Inequality, a > an^ + aH_ — ar± + kp + 1. 
Congruences, a + r = (mod 2). 

Boundary condition. 1) If (a = aH+ + clh_ — ar± + kp + I, Pp = 0), then 2 — r = dp ± 1 
(mod 8) . 2) If (a = aH+ + ciH_ — CLr± + kp + 2, pp = 0), then 2 — r ^ dp + 4 (mod 8) . 

The following conditions from [21] are necessary and sufficient for existence of the lattices 
K^. = {S±)-^^ with the local invariants prescribed by the data (j2.2(J|) or (j2.21|) . They also 
use the invariants (j2.13j) and (j2.23p . The 1{A) denotes the minimal number of generators of 
a finite Abelian group A. We numerate the conditions as in [21] and drop unnecessary (for 
our case) conditions. 

CONDITION 1.8.2 (from [211). 

Conditions on the invariants S^s±- U ^i^s = 1? then S^s+ = ^<fiS- = 1- 

Inequalities. 1) p + 1 < r < 21 — s + p; 2) r — a > —2aH^ + p + l{As_f_); 3) r + a < 
2aH. + p- s-1[As_) + 22. 

Boundary conditions. 1 ) If S^s+ = and r — a = —2aH+ + P + ^^5+)? then 2 — r = 45^,^ + c„ 
(mod 8). 

2) If S^s^ = and r + a = 2aH_ + p - s - l{As_) + 22, then 2-r = Ae^^ + (mod 8) . 

By |2I] both these conditions are necessary and sufficient for existence of the integral 
involution. Thus, finally we get 

Theorem 10. ([21J. The invariants ()2.20|) or ()2.2H) give the complete genus invariant of 
integral involutions (L, ip, S) of the type {S, 6) from the set In{S, 9, G). The conditions 1.8.1 
and 1.8.2 above are necessary and sufficient for existence of the involution from In{S, 6, G) 
with the genus invariants. 

Obviously, the genus of the integral involution (L, ip, S) defines the genus of the related in- 
volution (L, (f = T(p, S). Thus, invariants (j2.2Up or (j2.2H) of (L, (p, S) define similar invariants 
of the related involution. We denote by 

(2.24) (r((^), a{ip); i/(<^)+, H{(p)_, qp(^y,6^, 6^s, f (<^)) 
and 

(2.25) {ririf), a{T(p); H{T(p)+, H{T(p)_, qp(^^^y, 6r^, 6r^s, v{T(p)) 

the genus invariants (|2.21|) for (f and (p = Tip. Similarly we mark by (p or Tip the equivalent 
genus invariants ()2.20j) . 

Theorem 11. We have the following relations between genus invariants of the related invo- 
lutions {L, ip, S) and {L, ip = rep, S): 

(2.26) r{!p)+r{Tip) = 22-s + 2p, 



(2.27) 



a{Tip) - a{(p) = a{S) - 2aH(<p) + 2rkp(v9), 
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(2.28) + = se e S mod 2L, 

where rk p means the rank of the matrix which gives p in some bases of and H_ over 
the field Z/2Z, and se ^ S is the characteristic element of {S,6) defined by the property 
2{x, 9{x)) = {x, sg) mod 2 for any x E S* (the sg is defined mod 2S). In particular, 

(2.29) 6^s = S(tv)s- 

The H{ip)± and H{T(f)± are orthogonal with respect to the discriminant bilinear form bs^ 
on Asj^ respectively. 
Moreover, 

(2.30) l{As+) + a{ip) - 2aH{^u = ^i^sj + ainp) - 2aHir^)_. 

Proof. We have the orthogonal decomposition up to a finite index 

(2.31) S+ © 5_ © © L,,^ C L. 

We have r{T(f) = rk 5*+ + rk L^^ip = rk 5*+ + (rk L — rk L"^ — rk S-) = p + 22 — r{(f) — {s — p). 
It follows the first relation (j2.26|) . 

The proof of second relation ()2.27|) follows the proof of Lemma 3.3.2 in [22]. There was 
shown that 

where H{ip)+^ C H{(p)- is the orthogonal complement to H{lp)j^ with respect to the pairing 
p{^). We have rk(if(y?)+^ n H{^)J) = TkH{ip). - rkp((/?). Moreover, i^Ai^ = 2"(^), 
■ = i^ALr ■ 2'^^^ = 2"(s)+2'-kr±. Thus, we get 

a{Tip) = a{ip) + a{S) + 2rkr± -2TkH{ip)+ - 2rki7((^)_ + 2rkp((^). 
It follows (jTTTjl . 

We can write up x G L as x = s+* © s_* © x"^* © Xr,^* where s+* G S+*, s_* G S-*, 
xf* G Lf, Xr,p* G Lr^/. We have 

(x, <^(x)) = is+*y - (s_*)2 + (xry - {xr,^*Y = {x, s^) mod 2; 

(x, Mx)) = {s+* f - {s.*f - (xD' + {xr,/Y = (x, Sr^) mod 2. 
Taking sum, we get 

(x, s^) + (x, Sr,p) = 2 ((s+*)^ - (s_*)^) = {ps{x), Sg) mod 2. 

where p : L —>■ S* the orthogonal projection. Here p{L) = S* since L is unimodular. Since 
L is unimodular, it follows that + Snp = sg mod 2L. It proves the third relation ()2.28|1 . 

Let u & S- has the invariant 5u = for and f G S*- has the invariant 5^, = for ryj. 
Then (see j2I], (7.6)) there exist ui G L'-'^ and G L"^*^ = L^^^ such that u/2 + ui/2 G L and 
w/2 + vi/2 G L. We then have (m/2, w/2) = (m/2 + mi/2, w/2 + wi/2) G Z. Thus u/2 G v4s_ 
and v/2 G are orthogonal with respect to the discriminant bilinear form bs_ on Ag^. It 
proves that the groups H{(p)_ and H{tlp)_ are orthogonal to each other. The proof for 
is similar. 

By the relation (8.9) from [21], we have 

K^L^) = l{^s+) + a{^) - 2aH{^)+; 

KAl^J = K^s.) + a{ip) - 2aHi^)_. 
Similar relation for np gives 

K^L'!^) = K^S-) + a{Tip) - 2aH{r^)_] 
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It follows the last relation ()2.30p of the theorem. □ 

Theorem permits to choose one from two related involutions by some conditions on 
its invariants. It helps to classify the pairs of related involutions which is important for a 
classification of the corresponding DPN-pairs. 

One should follow [21] to give the exact construction of the genus invariants fl2.25|) of the 
related involution np. The idea is as follows. Using construction of |21j, we can calculate 
the genus of the integral involution from the invariants ()2.24|) of ip. From the genus, we can 
find the invariants ()2.25|) of rip. We don't know a simpler procedure in general. Below we 
give this construction in details. 

Let {Aq,q) = {Aq(^y,),q{ip)) be the discriminant quadratic form of the lattice L"^. It is 
defined by the invariants (r a{ip), 6{ip)). Let ^^"•'^ : H = if+©^if_ Ag be an embedding 
of {H,qp) to {Ag,q) such that C^~^\v{ip)) is the characteristic element of q, if 5^s = 0, and 
^^'^\H) does not contain a characteristic element of q if S^s 0- Such an embedding is 
defined uniquely up to automorphisms of q. 

We denote by {A_q, —q) the form (Ag, q) with the the opposite sign and by Ag C Aq®A^q 
the corresponding isotropic diagonal for q®{—q)- The gives : (if, —qp) — > (^-g, —q) 
where ^'^"^ = ^'^^^ on the groups. Let r(if+) C Asj^ ® A_q be the graph of We then 

get the non-degenerate quadratic form 

(2.32) [Au^ = T{H+)^^^^^_JT{H+), k+ = -Qs^ © q\Ak^) 

with the corresponding projection 7!-^+ '■ T{H+)-^^ ©(-g) ~^ graph T^,^^ C Asj^ ® 

A_q © Afc^. The form /c+ can be identified with the discriminant form of the lattice L^. As 
a result, we get the quadratic form 

{As^ ® A_q © Ak^.qs^ © A_q © k+) 

with the isotropic subgroup T(^s+~qM) ~ ® {0} + ^Trfc^- Further we identify As^, 

A^q, Ak^ with the corresponding subgroups in As^ © A^q © A^^. By the construction, 
^ts+ -qk+) ~ '^(s+~q,k+) maximal isotropic subgroup. Moreover, T(^s+,-q,kj,) H As^ = 

^iS+-q,k+) ^ ^-Q = ^iS+-q,k+) ^ ^k+ = {0}, ^iS+,-q) = ^(S+,-q,k+} H (^5+ © A_q) = T{H+). 

Let T(^s+,k+) = ^(s+-q,k+) n {As^ © Afc+). By our construction, we then have the natural 
identification 

(2-33) (^Aq = {T^s+MXa^^k+f^is+M, q = qs+® k+\Aq^ 

where T(^s+-q,k+}/'^is+,k+) gives the graph of Aq<Z Aq® A_q above. Let 

Tiq : (r(5^ Aq be the corresponding projection. Let T{H_) C Aq® As_ be the 

graph of e+^H_ and r(5+,5^,,^) = f{H^) = (vr, © id{As_))-\r{H_)) C As^ © As_ © A^^. 

Let 

(2.34) 

(^Ak^ = (r(s+,s_,fc+))i,^®g5_®g,^/r(5+,5-,fc+), k_ = {-qs+) © i-qs-) ® (-gfc+)|^fc_) • 

The form k- can be identified with the discriminant form of the lattice Lr^^p. We remark 
that one gets the same form as 

(2.35) iA,_ = TiH^)f^_^jTiH^),k. = -qs_ © (-g)|A,_). 
Thus, finally we get the form 

(2.36) © As^ © Ak^ © Ak^ 

; qs+ ® qs- ® k+® kJ) 
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which corresponds to the orthogonal decomposition ()2.31|) . Further we use this form. Let 

(2.37) r = T(^s+,s-,k+,k^) C As^ © As_ © A^^ © Ak_ 

be the graph of the projection vr^^ : T(^s+,S-,k+))is^(Bgg_(Bqk^ By our construction, 

the group T C As_^ ®As^ ©^a:+ ®Ak_ is the maximal isotropic subgroup: F-*- = F. We have 

F = L/{S+ (BS^(BL^® U,^) 

for the orthogonal decomposition ()2.3ip . The equality F^ = F is equivalent for the lattice L 
to be unimodular. 

The orthogonal decomposition ()2.36|) and the isotropic subgroup F (together with the 
corresponding real invariants) are equivalent to the genus of the integral involution. Thus, 
we have calculated the genus from the invariants ()2.24|) of if. Using this genus, now we can 
calculate the invariants ()2.25p of np. For ip = np, the lattices Lf and L^-^^p change places: 
Lf = L,,^ and L,,^ = 

Let tti e {S+, S'_, k+, k_}. We denote F(„^^...^„„) = F n {A^, © ■ ■ ■ © A^J and by P(ai,...,„„) 
the corresponding orthogonal projection into the group Aq,^ © ■ ■ ■ © Aa„- 
By definition of the invariants ()2.24j) and ()2.25p . we have: 

(2.38) i7(^)+=P5+(r(5+,5_,;._)) 

with the natural embedding H{(p)^ C Ag (use ()2.33|) ) since H{ip)^ ± ^{s+,k+)- Similarly, we 
have 

(2.39) H{^)^=ps_{T^s^,s.m) 

with the natural embedding H{ip)_ C Aq defined by the graph T (^s+,S-,k+)/'^ {s+,k+)- The 
form q on Aq defines then the pairing p{ip) between H{ip)^ and H{ip)^. 
For Tip we similarly get: 

(2.40) H{t^)+=ps^{T^s^^s.m)) 
with the natural embedding into 

(2.41) (^«(r^) = {^{S+,k-))qs+®k.l^{S+,k-)^ li'T'^) = 1S+ ® k-\Aq{T^)) ! 



(2.42) H{Tip)^=psATi^s^^s.,k.)) 

with the natural embedding into Aq(^T-ip) defined by the graph T(^s+,s^,k^)/'^{s+,k^)- The form 
q{Tip) defines then the pairing p{Tip) in between H{Tip)+, H{Tip)_. 

This calculates the genus invariants (j2.25|) . For these calculations, the trivial (from the 
construction above) and crucial observation is: 

Theorem 12. Assume that q = q{ip) = qi ® q' and ^^^^ gives an embedding of qp into 
Qi © {0}. Then the calculations above of the genus invariants H{Tip)j^, H{T(p>)^ and p{T(p>) 
give the same result if one replaces q = q{ip) by qi. 

The Theorem 1121 reduces calculations of the invariants H{Tip)± and p{Tip) to some finite 
and simple calculations. 

There is a case when these calculations are very simple 

Corollary 13. Assume that S+ = 0, = S. Then H{ip)^ = H^rip)^ = 0, p{{p) = p^np) = 
and H{ip)^ ± H{Tip>)^ are orthogonal complements to each other with respect to qs = qs_- 



23 



In many cases the genus invariants ()2.21|) have a unique isomorphism class of integral invo- 
lutions. By Theorems and then the genus invariants define the connected component 
of moduli of real K3 surfaces with a non-symplectic involution or the connected component 
of moduli of the corresponding real right DPN-pairs. We shall use the invariant k{A) = m 
of a finite Abehan group A = (Z/2)"^ © (Z/4Z)". Using results of [H] and [H], d, we get 
the following statement. 

Theorem 14. The genus invariants ()2.21|) have a unique isomorphism class from In{S, 6, G) 
of integral involutions {L,(f,S) of the type {S,6) satisfying (RSK3) (in particular, by Theo- 
remsU^{^ and^ the moduli of real K3 surfaces with a non-symplectic involution, the moduli 
of the corresponding positive real right DPN-pairs, the moduli of the corresponding real right 
DPN-pairs having these invariants are connected), if both conditions {a±) below are satisfied: 

(a+) an even lattices with the discriminant quadratic form k+ (see fl2.32|) ) and the 
signature {l,r — p — 1) is unique up to isomorphisms, and the canonical homomorphism 
0{K^) — > 0(A;+) is epimorphic; 

(a_) an even lattice K_ with the discriminant quadratic form k_ (see (j2.35|) ) and the 
signature (1,21 — r — s + p) is unique up to isomorphisms, and the canonical homomorphism 
0{KS) — s> 0{kS) is epimorphic. 

The condition {a±) is valid if the corresponding condition {b±) below satisfies: 

(6+) either r — a > —2aH^ + p + l{As^), or (r — a = —2aH+ + p + l{As^), a > 2aH+ — 
k{As+) + 3j, or (r - a = -2aH+ +p + l{As+), a = 2aH+ - k.{As+) + 2, 5^s+ = 0); 

either r + a < 2aH^ + p - s - l{As_ ) + 22, or (r + a = 2aH_ + p - s - l{As_ ) + 22, 
a > 2aH_ - K,{As_) + 3), or (r + a = 2aH_ + p- s - l{As_) + 22, a = 2aH^ - k{As_) + 2, 

Ks- = o;. 

Proof. 

The first statements follows from Theorem 1.3.1 in ^T] (see also Remark 1.6.2 there). 

The lattice Kj^ is indefinite and even, its discriminant form is a 2-form. Moreover, the 
discriminant group A}.^ = (Z/2Z)™' © (Z/4Z)" since the lattice S is 2-elementary and the 
discriminant groups As^ are annulated by 4. Applying Theorem 1.14.2 from to this case, 
we see that (a+) is valid if either rkK^ > l{Ak^) or ikK^ = l{Ak^), but the discriminant 
form k+ = M+(2) © ki, v+{2) © ki. 

The relation (8.9) in |2]] gives that 

l{Ak^) = l{As^) + a-2aH+. 

Thus, the condition rkK^ > l{Ak^) means r — p > ^(^4^^) + a — 2aH^. Equivalently, 
r - a> -2aH+ + p + l{As+)- 

We have Ak^ = (Z/2Z)'" © (Z/4Z)". Let us calculate m. Assume 
As+ = (Z/2Z)" © (Z/4Z)'^ where a = k{As^). By (ESI, = 2™+2" = #^5^ • 

#Ag/(#i7+)2 = 2°+2/3+«-2a^^ ^ follows, m + 2n = a + 2(3 + a- 2aH+. Moreover, the 
relation l{Ak^) = l{As^) + a — 2aH_^^ used above gives m + n = l{Ak_f_) = l{As^) + a — 2aH+ = 
a + (3 + a — 2aH_f_. It follows, m = a + a — 2aH+ = k{Asj^) + a — 2aHj^- 

From classification of finite quadratic forms, we get that k^ = u+(2) © ki or f+(2) © /c2, if 
m > 3. Moreover, it is shown in (j2I|, page 116), that k^ = u^{2) © gi, f+(2) © if = 2 
and 5ips+ = 0. Thus, cited above conditions of Theorem 1.14.2 from jTHj are equivalent to 
(6+). Thus, (6+) implies (a^). 

The proof of (6_) implies (a_) is the same. 
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We mention the useful formulae which follow from the proof: 
(2.43) Ak^ = (Z/2Z)"^±+'^-2'^^± © (Z/4Z)"±, if As^ = (Z/2Z)™± © (Z/4Z)"±. 

We also mention the following useful statement which follows from (Theorem 3.6.3 in jl9j): 
Proposition 15. The condition {a±) of Theorem 7J is valid, if A^^ is 2-elementary. In 



particular, this is true (by ()2.43j) ), if the lattice S± is 2-elementary. 

At last, we mention the main geometric interpretation of the invariants (r((y9), 0(^9), 5{ip)) = 
(r, a, 6). We denote by Sg an oriented surface of the genus g. 

We have (see Theorem 3.10.6 in |19j) for the real part of X^(M) = X*^ of X with the real 
structure defined by ip the same result as for the holomorphic non-symplectic involution r: 



(2.44) X^(M) 



■0, if (r, a, 5) = (10,10,0) 

TiUTi, if (r, a, 5) = (10,8,0) 
Tg n (Tq)^, otherwise, where ' 
^ = (22 - r - a)/2, k = {r-a)/2 

and 

(2.45) X^(M) ~ mod 2 in H2{X, Z). 

We have the same formula for X^(p(]R) using invariants {r{T(p),a{Tip),5{Tip)) of np. 

2.4. Possible types of {8,9) with rkS" < 2. By classification in ^ and also in [20], [22] 
(see the beginning of Sect. 12.31 and Figure Q), there are the following and only the following 
possibilities for 5* with r{S) = rkS* < 2. We have 

(r(5),a(^), 5(5)) = (1,1,1), (2,2,0), (2,2,1), (2,0,0). 

We order these cases according to the natural ordering of the corresponding quotients Y = 
X/{l,r}, see below. 

We consider all possible 9 for these cases. 

The case: {r{S),a{S),6{S)) = (1,1,1). Then S = (2). Since S- should be hyperbolic, 
S- = S and 6^ = — 1 on S. Then S+ = {0}. We consider this case in Sect. [21 below. For this 
case Y = X/{l,r} = P^. 

The case {r{S),a{S),6{S)) = (2,2,0). Then S = U{2). We consider this case in Sects. 
0] and By Proposition HI we have F = x in the non-degenerate case, which we 
are considering in this paper (in the degenerate case Y = F2). Let us consider possible 9. 
Dividing form of S by 2, we get the unimodular lattice U. It follows that if rkS*. = 1, then 
S_ = (4) and = (—4). If rkS'_ = 2, then 9 = —1 on S. Thus, we get two cases 

The case S = U{2), the involution 6* is —1 on S*. We consider this case in Sect. jH 
Then Y = X/{l,r} = P^ x P^ in the non-degenerate case which we consider. Moreover, 
Y = X/{1, r} = pi X pi over M is a hyperboloid, if Y{R) ^ 0. 

The case S ^ f/(2), 5_ ^ (4), S+ ^ (-4). We consider this case in Sect. E For this 
case, Y = X/{l,r} = P-*^ x P^ and Y over M is an ellipsoid. Really, if Y = ¥2, then any 
anti- holomorphic involution of Y acts as —1 in H'^iY, M) = M^, and then 6' = —1 in 5* © M. 

The case {r{S),a{S),5{S)) = (2,2,1). Then 5 ^ (2) © (-2). Assume that rk5_ = 1. 
Since the lattice S{2^^) = (1) © (—1) is unimodular and odd, it follows that 5'_ = (2) 
and 5+ = (—2). Again the lattice 5+ has elements with square —2 which is impossible for 
9. Thus, = — 1 on S* and 5*+ = {0}. We consider this case in Sect. For this case 
F = X/{l,r} = Fi. 
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The case {r{S),a{S),6{S)) = (2,0,0). Then S ^ U where U = 




Since S- is 



hyperbohc, ikS^ = 1 or 2. Let rkS'_ = 1. Since 5* is unimodular and even, = (2) 
and 5+ = (—2). Then 5+ has elements with square —2 which is impossible for 6. Thus, 
ikS- = 2 and 6^ = — 1 on S*. Then S- = S and 5*+ = {0}. We consider this case in Sect, d 
below. For this case, Y = X/ {1, r} = F4. 

3. Connected components of moduli of real non-singular curves of degree 

6 IN P2 

Here we consider the case {r{S),a{S),6{S)) = (1,1,1). Then S = (2). The involution 
6' = — 1 on S*. Since S has no elements with square —4, the group G is trivial. 

For this case, Y = X/{1, r} is a rational surface with Picard number rkS" = 1. It follows 
that y = P^. Then | — 2Ky\ consists of curves of degree 6. Thus, X is a double covering of 

ramified in a non-singular curve of degree 6 and r is the involution of the double covering. 
The lattice S = Z/i where h is the preimage of a line in P^, evidently h"^ = 2. 

The P^ has only one real structure which is defined by a homogeneous real coordinates 
{xq : Xi : X2) in P^. Then P^(]R) = MP^ is the real projective plane. A curve A is the zero 
set P = of a real homogeneous polynomial P{xo,Xi,X2) of degree 6. A positive curve A'^ 
is equivalent to a half P > of the MP^. It defines the real double covering {X, r, </?) of P^ 
ramified along A by the condition that A^ is the image of the real part X^(]R). A curve A 
is defined by the polynomial P up to AP where A G M*. A positive curve A~^ is defined by 
the polynomial P up to AP where A G Here M++ is the set of positive real numbers. 

Classification of non-singular A and of degree 6 is well-known. The isotopy classifi- 
cation was obtained by Gudkov 0. Classification of connected components of moduli was 
obtained in jTH] • See also Arnol'd [3] and Rokhlin j2Sj for the geometric interpretation of in- 
variants. The last classification (for positive curves) is equivalent to description of connected 
components of 

((M^s _ Discr) /M++) /PGL(3,M) 

where M^^ is the space of real homogeneous polynomials P(xo, Xi, X2) of degree 6, and Discr 
is the subspace of singular polynomials, defining singular curves P = 0. Since both groups 
IR++ and PGL(3,]R) are connected, this classification is equivalent to the classification of 
connected components of M^^ — Discr which is called the rigid isotopy classification due to 
V.A. Rokhlin [23]. 

For completeness, we outline general arguments of Sect. in this case. 

We have S+ = 0, S- = S, = 0, p = 0. The invariants s = 1, p = 0, /(As+) = 0, 
l{As_) = 1. The group H = H C TLhjTLh. We get two possibilities for the group H. 

(1) if = (equivalently, = 1). Then a^j = 0, Sh = 0, kp = 0, /ip = 0, dp = (mod 8). 
If S^s = 0, then t> = (equivalently, 6^ = 0), Cy = (mod 4), 6^s+ = 0, S^s- = 1) £v+ = 
(mod 2). 

(2) H = [h] = {0,h} mod 25* (equivalently, 6h = 0). Then an = I, Sh = 1, kp = 0, 
fip = 0, cTp = —1 (mod 8). If 6ips = 0, then v = h mod 25* (equivalently, = 0, see [ISj), 
Cy = -1 (mod 4), 6^s+ = 1, S<pS- = 0, = (mod 2). 

In particular, from these relations, aH+ = 0, an = clh^ = 1 — ^/i- 

Since S± are 2-elementary, by Proposition E[ Theorem IT^ and results of Sect. 1, we get 
that connected components of moduli of {X,T,(p) (or A~^) are in one-to-one correspondence 
with the genus invariants 



(3.1) 



{r,a,6h,S^s,v) = {r{^),a{<^),6{<^)h,S^s,v{^)). 
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O means 5^5 = and v = 0, 
• means S^s = 1 
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Figure 2. P^: All possible (r, a, with H = {i. e. 6h = 1) 



The complete list of the invariants (where r,a{> 0) G Z, 5/i,5^5 G {0,1}, i/ie f zs defined 
only if S^s = 0) is given by the conditions: 

Inequalities and general relations: 

1 < r < 20; 1 - 5fe + 5^5 < a; a < r; r + a < 22 - 26h. 
r + a = (mod 2); 

if 6h = 1 and ^.^s = 0, then t> = (mod 25") and 2 — r = (mod 4); 
if 5/i = and 6^s = 0, then v = h (mod 25") and 2 — r = — 1 (mod 4). 
Boundary conditions: 

U a = 1 — 6h and v = (mod 25*), then 2 — r = (mod 8); 
If a = 1 — 6h and v = h (mod 25"), then 2 — r = — 1 (mod 8); 
If a = 2 — 5/i and 6^,3 = 1, then 2 — r = — l + (5/i±l (mod 8); 
If a = 3-Sh and = 1, then 2-r^-l + (5/, + 4 (mod 8). 
If a = r, 6ips = and v = 0, then 2 — r = mod 8. 

If r + a = 22 - 26h, S^s = and v = h (mod 2S), then 2 - r = -1 (mod 8). 

All possible invariants ()3.1|) satisfying these conditions are given in Figures El and El 

The relations between related involutions are: 
(3.2) r(v?) + r(r^) = 21; a(r(^) - a{ip) = 2S{ip)h - 1; 5{^)h + 5(r<^)/x = 1; 



(3.3) 6^s = ^Tips] v{ip) + vijip) = h (mod 2S), if 6^s = ^nps = 0. 

Because of the relation 6{ip)h + S{T(p)h. = 1, it is sufficient to describe only involutions with 
S{ip)h = or with 6{ip)h = 1. 

It follows that there are 49 connected components of moduli of positive curves with 6^,3 = 1, 
and 15 with S^ps = (for the fixed 5/^ = 1 or 0). Thus, there are 128 connected components of 
moduli of positive curves (or involutions {X,T,ip)) and 64 connected components of moduli 
of real non-singular curves of degree 6 on the real projective plane. 

According to Arnol'd ~3j, the invariant 6h = 0, if 7^ and the positive curve A'^ is 
orientable. Otherwise, 6h = I. Using this, Bezout Theorem and (jCTll . (1233), (El), 
one can draw the corresponding pictures. It is enough to draw them for 6h = when the 
positive curve is orientable. We have 

If i^h] a, 6^s) = (0; 11, 11, 0), the positive curve is the whole MP^. 
// {6h', r, a, 6^s) = (0; 11, 9, 0) the positive curve is drawn in Figure^ 
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Figure 3. P^: All possible {r,a,5^s,v) with H = [h] (i. e. 6h = 0) 



Figure 4. P^: A+ for H = [h] and (r, a, 6^s, v) = (11, 9, 0, h) 




Figure 5. P^: A+ for = [/i] and (r, a, 5^5, f ) ^ (11, 9, 0, /i), (11, 11, 0, h). 



If = and {r,a,5^s) is different from (11, 11,0) and (11,9,0) the positive curve is drawn 
in Figure{^ where g = (22 — r — a)/2 and k = {r — a)/2. 

The invariant 5^s = 0, if and only if the real curve A{M.) divides y4(C). See (Hj and |25] . 

More exactly, by j3] the invariant 5^s = 0, if the curve A{M.) divides y4(C). By the results 
above, connected component of moduli is defined by the isotopy type and by the invariant 
5ips- Thus, to prove the opposite statement, it is sufficient to construct a dividing curve on 
the plane for each isotopy type with 5^ps = 0. This construction is explained in |25j. 

The connected component of moduli of a positive non-singular real curve A of the degree 6 
on the real projective plane is defined by its isotopy type and by dividiness of A{C) by A(]R). 
All possibilities are described above. 



Applying results of Sect. below we get similar results for all lattices S* of rkS* = 2. 
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4. Connected components of moduli of real non-singular curves of 

bidegree (4,4) on hyperboloid 



Here we consider the case S = U{2) and ^ = -1 on S. Then Y = X/{l,r} = pi x 
in the non-degenerate case which we only consider, and A = is a non-singular curve of 
bidegree (4, 4) in Y. 

Let S = Zei + Ze2 where e\ = e\ = Q and (61,62) = 2. The generators 61 and 62 of 

5 = H2{X; are classes of preimages of pt x P^ and P^ x pt respectively. 

Since = — 1 on 5*, then the real structure on Y (defined by the anti-holomorphic in- 
volution ip of X) is one of the four structures: (usual, usual) = hyperboloid, (usual, spin), 
(spin, usual) and (spin, spin), where usual means the usual real structure on P^, which is 
given by the anti-holomoprhic involution {zq : Zi) ^ (^ : T^) in some homogeneous coor- 
dinates {zq : Zi) on P^, while spin is given by {zq : Zi) {zi : — ^). In hyperpoloid case 
Y(R) = MP^ X Mpi is a 2-torus. In all three spin cases Y{R) and X{R) are empty, and A(R) 
is also empty. 

If Y has the usual real structure (i.e. it is a hyperboloid), then A is the zero set of a 
real bi-homogeneous polynomial P{xo : xi;yo : yi) of bidegree (4,4). For a positive curve 
{A,(p), equivalently for A'^ = 7r(X^(]R)), like for real non-singular curves of degree 6 in P^, 
we can choose P by the condition that A = {P = 0} in P^ x P^ and = {P > 0} on 
Mpi X Mpi. The polynomial P is defined up to M++ x {{PGL{2,R) x PGL{2,R)) x Z/2Z). 
Here R++ denote all positive real numbers. Thus, classification of connected components of 
moduli of positive curves A~^ on a hyperboloid is equivalent to the description of connected 
components of 

{{R^^ - Discr) /R++) /((PGL(2,M) x PGL{2,R)) x Z/2Z) 

where the discriminant Discr is the set of all polynomials giving singular (over C) curves. 
The group {PGL{2, R) x PGL{2, R)) x Z/2Z has 8 connected components and has dimension 

6 over M. 

If Y has one of spin structures, then Discr has codimension two. Hence the moduli of 
positive curves and the moduli of curves are connected. (We will also give another proof of 
that below.) 

Now we outline general arguments of Subsect. 12.31 in the {S,9) = (f/(2),— 1) case (for 
finding connected components of moduli). 

Since A{S+, 5)(-^) = and A(5_, 5)(-^) = {±(61-62)}, the group W'^-^\S+, S) is trivial, 
and the group W''~^\S_, S) consists of identity and g where g{ei) = 62 and (7(62) = 61. By 
Lemma ini we have G = {identity, g} = Z/2Z. 

We have s = 2, p = 0. As_ = S'i/S- = S*/S is generated by el = \e2 and 62 = |6i, and 
hence it is isomorphic to (Z/2Z)^ and l{As_) = 2. We have As^ = 0, = 0, p = 0. Since 
r_ = 0, if = H (c S/2S) is one of the following 5 subgroups; 

0, [61], [62], [/i] = [61 + 62], ^/2^= [61,62], 

where we set h = ei + 62 and consider 61, 62 and h mod 25*. Since = 0, we have 
qp = {—qs_)\H_. Since 6{S) = 0, we always have 6h = and 6^ps^ = 6^. If 6^p = 0, then 
= (mod 2). 
Thus, we have the following cases: 

(1) H = 0: Then an = 0, kp = 0, /ip = 0, dp = (mod 8). If = 0, then v = 0, 
equivalently, 6^ = 0. We have Cy = (mod 4), 6^s± =6^ = 0. 

(2) H = [61]: Then an = 1, 5'p — z, kp = 1, fip = 0, dp = (mod 8). 

(3) H = [62]: Then an = I, qp = z, kp = 1, /ip = 0, (Xp = (mod 8). 
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(4) H =[h] = [ei + 62]: Then an = I, qp = w, kp = 1, /i^ = 1. 

(5) H = S/2S = [61,62]: Then an = 2, ^ u+(2), kp = 0, = 0, = (mod 8). If 
SifiS = 0, then v = 0, and = is equivalent to 6^ = 0. 

From above, /ip = 1 if and only if if = [h]. If /ip = 0, then (jp = (mod 8). 

We see that genus (hence, by Theorem IT^ and Proposition^! the isomorphism class) of 
an integral involutions {L,ip,S) of the type (f/(2),— 1) satisfying (RSK3) is determined by 
the data (r, a, H, 6^3 : 'v), where the v is defined only if 6^3 = 0. 

By Theorem ^1 the complete list of the above invariants is given by the conditions: 

Type (5^ = 0) 

(iH + kp < a < r and a = (mod 2). 
2 < r < 18 and 2 - r = (mod 4). 
r + a< 2aH + 18. 

If a = an + kp, fip = 0, then 2 — r = (mod 8). 

If a = r, then 2 — r = (mod 8). 

If r + a = 2aH + 18, then 2 - r = (mod 8). 

Type la {6^3 = 0, 6^ = 1) 
an = 1, fcp = 1- 

Cv = (mod 4) if /ip = 0, and = 2 (mod 4) if /ip = 1. 

2 < a < r and a = (mod 2). 

2 < r < 18 and 2 - r = (mod 4). 

r + a <20. 

If a = 2, /ip = 0, then 2 - r = (mod 8). 

Type lb {6^s = 1) 
ttH + kp + 1 < a < r, 
1 < r < 19, 

r + a = (mod 2), r + a< 2aH + 18. 

If a = an + kp + 1, fip = 0, then 2 — r = ±1 (mod 8). 

If a = an + kp + 2, /ip = 0, then 2 - r ^ 4 (mod 8). 

We see oj:/ = 1 in Type la case. Then H is generated by the unique nonzero element, 
hence it is nothing but v. Hence we can use the invariant instead of v in the collection of 
invariants above. Thus the isomorphism class is determined by the data 

{r,a,H, S^s,Sv>)- 

Since G = {identity, g}, the triplets (r, a, [61]) and (r, a, [62]) represent the same isomor- 
phism class for each Type (0, la and lb). The other different triplets represent different 
isomorphism classes. 

All possible data 

(4.1) {r,a,H,5^3,v) 

(which are equivalent to {r,a, H,6^s,6^)) are given in Figures El — El We have 6^ = 0, if 
and only if 6^,3 = v = 0. 

The relations between related involutions are as follows. Since S{S) = and = — 1 on 
S, then S0 = mod 2L. Hence, by Theorem II 11 we have: 

(4.2) r{ip) + r (rip) = 20; aH{^) + aH{r<p) = 2; a{(p) - aH{^) = a{Tip) - aH{r^); 
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O means 5^5 = and v = 0, 
• means S^g = 1 
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Figure 6. H: All possible (r, a, 6^s, v) with H = 



d oceans 5^5 = and v = 0, 

• means 5^5 = 1 
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Figure 7. H: All possible {r,a,S^s,v) with H = [61,62] = S/2S 



(4.3) H{Tip) = H{ip) w. r. t. hs_ on As_] 6^s = ^t-^s] = Sr^ mod 2L. 

Hence, involutions of Type (resp. Type lb) with = (11 (resp. 39) classes) are 
related to involutions of Type (resp. Type lb) with H = S/2S. Involutions of Type 
(resp. Type la. Type lb) with H = [ci] (9 (resp. 11, 30) classes) are related to involutions 
of Type (resp. Type la. Type lb) with H = [6,]. (More precisely, the class (r, a) is related 
to the class (20 — r, a).) Involutions of Type (resp. Type la. Type lb) with H = [h] (11 
(resp. 12, 36) classes) are related to involutions of Type (resp. Type la. Type lb) with 
H = [h]. (More precisely, the class (r, a) is related to the class with (20 — r, a), too.) 

Thus there are 42 (= 11 x 2 + 9 + 11) classes (i.e., connected components of moduli of 
positives curves of bidegree (4,4)) of Type 0, 23(= 11 + 12) classes of Type la, and 144(= 
39 X 2 + 30 + 36) classes of Type lb. 

Moreover, if we identify related involutions, there are 26(= 11 + 7 + 8) classes (i.e., 
connected components of moduli of real non-singular curves of bidegree (4,4)) of Type 0, 
14(= 8 + 6) classes of Type la, and 76(= 39 + 17 + 20) classes of Type lb. 

If two positive curves are in one connected component of moduli or are related, the real 
structure on Y stays the same. By (j2.44p and (j2.45p . the ^4+ is empty, if and only if (r, a, S^) = 
(10,10,0). It follows that the component {r,a, H,6^s,^'fi) = (10, 10, [/;,], 0, 0) corresponds 
to the real structure (spin, spin), the component (10, 10, [6j], 0, 0) corresponds to the real 
structure (usual, spin) (or (spin, usual)). And all the remaining components correspond to 

31 



Orleans 5^5 = and v = 0, 
O means 5^5 = and f = e^, 
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Figure 8. H: All possible {r,a,S^s,v) with H = [cj] (z = 1 or 2) 



O means Si^s = and ti = 0, 
O means S^g = and v = e\ 
• means = 1 
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Figure 9. H: All possible (r, a, 5^s, with H = [ei + 62] = [h] 



the real structure (usual, usual) (namely, hyperboloid). The component (10, 10, 5/25', 0, 0) 
consists of empty on hyperboloid. 

The isotopy classification of real non-singular curves of bidegree (4, 4) on a hyperboloid 
was obtained by Gudkov [7j. Zvonilov clarified all the complex schemes of curves of 
bidegree (4, 4) on hyperboloid and ellipsoid, where complex schemes mean real schemes (i.e. 
real isotopy types) with divideness and their complex orientations (if dividing). Curves on 
hyperboloid and ellipsoid were studied in [32], [Sll, [IS], [IH], [H]- In these articles the 
notions: torsion {s,t) (g Z x Z) of a connected component of A(M), oval, non-oval, odd 
branch and even branch, are well-known. We quote the isotopy classification of non-singular 
curves of bidegree (4, 4) on hyperboloid from in Table Q where we use notations due 
to Viro [31] and Zvonilov [SH], and li and I2 denote non-ovals with torsions (1,0) and (0, 1) 
respectively (e. g. see Figure IT^. 

If a curve A{W) on hyperboloid has only ovals or A{M.) = 0, then one of A'^ and A" 
contains the outermost component. Thus we divide isotopy types of positive curves A'^ into 
the following 4 cases: 

(i) : A{M.) has only ovals or A{]^) = 0, and A^ contains the outermost component. (In 
this case we say A'^ is outer.) 

(ii) : A{W) has only ovals or A{M.) = 0, and A'^ does not contain the outermost compo- 
nent. (In this case we say A~^ is inner.) E. g. see Figures ITUl 1111 

(iii) : A{M.) has even branches. E. g. see Figures IT^ IT31 

(iv) : A(]R) has odd branches. E. g. see Figures IT^ 1151 
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(l(m) L\n), 




where (m,n) = (9,0), (5,4), (1,8), 


(8,0), (5,3), (4,4), (1,7); 


or m > 1, n > and m + n < 7. 




(m). 




where < m < 9. 




(1(1) U 1(1)) 


{h + h, m, h + k, n). 




where < m < n and m + n < 8. 




mi+h)) 


(/i, m, /i, n). 




where (m,n) = (0,8), (4,4), (0,7), 


(3,4); 


or < m < n and m + n < 6. 




(4(/i)) 


(2(/i + 2/2)) 



Table 1. The hst of isotopy types of real non-singular curves of bidegree 
(4, 4) on a hyperboloid. 



The subgroup H = i7_ is determined by the invariants 5ei, and 6h- We have the 
following interpretation of the invariant 6x_ ■ 

Theorem 16. Let X be a compact Kdhler surface with an anti-holomorphic involution (p, 
and X(]R) he the fixed point set of ip. We assume that Hi{X]Z) = and X{R) ^ 0. We 
set L = H2{X;Z) and = {x E L \ V2*(a;) = —x}. Let C be a 1-dimensional complex 
submanifold of X with ip{C) = C , and C(]R) he the fixed point set of ip on C . Let [C] 
and [C(M)] denote the homology classes represented by C and C(]R) respectively. We set 
x_ := [C] (g L^). Then we have 

4_=0 [(:7(M)] = m /7i(X(M);Z/2Z), 

where we define the symbol 6x_ in the same way as 6x_ in Subsect. \2.'^ 

Proof. Suppose that [C(]R)] 7^ in Hi{X{M)] Z/2Z). Then there exists an embedded circle 
D on X(M) such that [C(M)] ■ [D] ^ 0, where [C(M)] ■ \D] means the Z/2Z-intersection 
number in X(]R). We set E_ = {x E H'^{X;Z) \ ^*{x) = — x}. is the Poincare dual to 
L^. By Theoreme 2.4 in ^3], there exists a surjective canonical morphism 

ipx -.E^^ H\X{Ry,Z/2Z) 

such that 

{p>xh),^x{l'))=Qh,-f') (mod 2) V7,7'e^_, 

where ( , ) and Q are the forms induced by the cup products on if^(X(]R); Z/2Z) and 
H^{X\ Z). Moreover, by Theoreme 2.5 in the following diagram commutes: 

Pic(X)^ E_ 

Oi i P>x I 

i/^\g(X(M);Z/2Z) ^ H^{X{R);Z/2Z), 

where a is defined as in ^3]5P-562 (see also below), ci is the first Chern class map, and i is the 
inclusion map. In the sequel, denotes the Poincare dual element to a (co)homology class 
A. Since ipx is surjective, there exists 7 (g E_) such that fx{l) = [D]^ (g H^{X{M.); Z/2Z)). 
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We consider the divisor class [C] in Pic(X)'^. Then, as is well known, its first Chern class 
Ci([C]) is the Poincare dual to By the definition (see [I4|) of a, we see 

= viC) = [CiRr (G //ig(X(M);Z/2Z)). 

On the other hand, by the above commutative diagram, we see 

ai[C]) = ^xic,{[C]))=^xix^_). 

Hence, we have [C{R)] ■ [D] = {[C{R)f, [D]^) = {^x{x0,^x{7)) = Q{x^,l) (mod 2) = 
(a;_,7^). Thus we have 6x_ = 1- This completes the proof of the implication The con- 
verse assertion can be proved by the same argument as the proof of Lemma 2 in Suppose 
that [C{R)] = in Hi{X{R)] Z/2Z). Then X{R) and C(R) satisfy the conditions a) and b) 
of Remark 2.2 in ^T]. By that remark. Lemma 2.3 is applicable to the involution : X — > X 
and C. Hence, we see (a;_)mod 2 H2{X] Z/2Z)) is orthogonal to ImQ;2. Since Hi{X] Z) = 0, 
as in the proof of Lemma 3.7 in ^21; we have ImQ;2 = {x E H2{X; Z/2Z) | ip^{x) = x}. Thus 
we have 6x_ =0. □ 

By Theorem El we have = if and only if A'^ is outer, H = S/2S if and only if A'^ is 
inner, H = [h] if and only if A{R) has even branches, H = [ei] if and only if A{R) has odd 
branches with odd s, and H = [62] if and only if A{R) has odd branches with odd t. 

When A is a dividing curve on hyperboloid with non-ovals, we define the number / (e 
Z/2Z) as follows (see ^3]): Fix a complex orientation of A(M). When the number of non- 
ovals of A{R) is 2, we define Z = if the complex orientations of the 2 non-ovals are different 
in MP"*^ X MP"*^, Z = 1 if otherwise. When the number of non-ovals of A{R) is 4, we fix a 
non-oval E and define Z = if the number of non-ovals whose complex orientations are the 
same as E in MP-*^ x MP-*^ is even, Z = 1 if odd. 

We quote the following lemma. 

Lemma 17 (jIH]). For a positive curve {A,ip) of bidegree (4,4) on hyperboloid, we have the 
following: 

(1) [X^{R)] = [X,^{R)] m H2{X;Z/2Z) 

(2) If A is dividing, then 



[X^{R)] (= [X^^R)]) 

tn H2{X;Z/2Z). □ 

Then we have the following: 








ih 








Ze2 





i) has only ovals) 

i) has even branches) 

i) has odd branches with odd s) 

i) has odd branches with odd t) 



Proposition 18. Let A be a non-singular real curve of bidegree (4, 4) on hyperboloid. If A 
is dividing, then the positive curves {A,(p) satisfies 5^s = 0. 

Proof. If A is dividing, then by (2) of Lemma IT71 we have [X<^(]R)] = s^ (mod 2H2{X; Z)) 
for some s^ G S. Hence we have 6^,3 = 0. □ 

Moreover, we have the following interpretation of v when A is a dividing curve with non- 
ovals on hyperboloid: 
f = if and only if Z = 0, 

V = h (mod 25) if and only if A{R) has even branches and Z = 1, 

V = ci (mod 25") if and only if A{R) has odd branches with odd s and Z = 1, 

V = e2 (mod 25") if and only if A{R) has odd branches with odd t and Z = 1. 
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k 

> 

Figure 10. H: A+ for H = S/2S = [ei, es] with (r, a, (5<^s, v) ^ (10, 10, 0, 0) nor (10, 8, 0, 0). 




I > 

Figure 11. H: for if = S/2S = [61,62] with (r, a, 5<^s, = (10,8,0,0). 

By the above geometric interpretations and Zvonilov's classification [22], from the invari- 
ants 1)4.11) of the connected component of moduh of a positive curve on hyperboloid, we 
can uniquely determine the complex scheme of A. In particular, one can draw the picture 
of the positive curve By ()4.2p and ()4.3j) . it is enough to draw them for H = S/2S, 
[h] and [ci]. See Figures fTUl — HSl Remind that A{R) is an empty curve on hyperboloid if 
H = S/2S and {r,a,6^syv) = (10,10,0,0), Y has the (spin, spin) structure if if = [h] and 
(r, a, 6^s, v) = (10, 10, 0, 0), and Y has the (usual,spin) (or (spin,usual)) structure if if = [e^] 
and (r, a, 6^s, v) = (10, 10, 0, 0). 

Moreover, there is known (due to Zvonilov a dividing curve on hyperboloid for each 
connected component with 6,^3 = 0. Hence, the opposite statement of Proposition IT51 is true: 

Theorem 19. Let A be a non- singular real curve of bidegree (4,4) on hyperboloid. Then, A 
is dividing or A(M.) = 0, if and only if the positive curves {A, ip) (or A'^ ) has = 0. □ 

It turns out that if 5^ps = and H = [h], then (r, a) determines v. But when 6^s = and 
H = [ci], (r, a) does not always determine v. As stated above, when 6^,3 = 0, H = [cj] and 
(r, a, v) ^ (10, 10, 0), t; = if and only if / = 0. 

Thus, we finally get 

Theorem 20. A connected component of moduli of a positive real non-singular curve A^ 
of bidegree (4,4) on hyperboloid is defined by the isotopy type of A'^ C MP^ x MP^ (up 
to the action of (PGL(2,M) x PGL{2,R)) x Z/2Z), divideness of A{C) by A{M), and by 
the invariant I mod 2 defined by the complex orientation (if A{E.) has odd branches and is 
dividing). 
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Figure 12. H: A+ for H =[h] = [d + ea] with (r, a, 5^^, t;) 7^ (10, 10, 0, 0) nor (10, 8, 0, 0). 
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Figure 13. H: A+ for H =[h] = [ei + es] with (r, a, 5^^, = (10, 8, 0, 0). 
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Figure 14. H: for = [d] with (r, a, 5^^, v) ^ (10, 10, 0, 0) nor (10, 8, 0, 0). 

5. Connected components of moduli of real non-singular curves of 

bidegree (4,4) on ellipsoid 

Here we consider the case 5" = U{2) and rkS- = 1 (elhpsoid cases). Like for hyperbofoid, 
y = X P-^, and we use the same notations for S. Obviously, 0{e\) = —62 and 9{e2) = — ei, 
we have S+ = Z(ei — 62) and S_ = Z(ei + 62). Thus 5*+ = (—4) and S_ = (4). 

Since A(^+, ^)(-^) = {±(61-63)} and A{S., S)^-^^ = 0, W'^-^'>{S+, S) consists of identity 
and g where g{ei) = 62 and (7(62) = 61, and W^'^^^S-, S) is trivial By Lemma El we have 
G = {identity, g} ^ Z/2Z. 

We call these data {S, 9, G) as the ellipsoid case. 
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Figure 15. H: A+ for H = [d] with (r, a, S^s, v) = (10, 8, 0, 0). 



For the elhpsoid case we have s = 2, p = 1. As^ = Z/4Z is generated by ^(ei — 62), and 
As, = Z/4Z is generated by \{ei + 62). We see r+ = [d - 62] = 2{S+* n (|5+))/25+ and 
r_ = [61+62] = 2(^_*n(i^_))/2S_. Hence we have i7± = r±. Since (61-62,0) = (0,61+62) 
in i7 = Q)-y H_, we see 

H = {0, (61 - 62, 0) = (0, 61 + 62)} = Z/2Z, 

an = 1 and qp = w. Hence 6h = 0, kp = fip = 1. 

If (5<^ = (Type 0), then e^, = (mod 4). If 6^s = and Sip = 1 (Type la), then 
V = {ei — 62, 0) = (0, 61 + 62) and = 2 (mod 4). 

We have = Sps±- Assume that 6ps = 0. Then 

^ r if 5^ = 0, 

^± \ gi(2)2 if = and 5^ = 1. 

If (5<^ = 0, then {qs±)v = (ls±- Hence we have e^^^ = 0. If S^ps = and 6p = 1, then {qs±)v 
is defined on Z/4Z, and the square of a generator is ±| (mod 2Z). Hence {qs±)v is the 
discriminant quadratic form of the 2-adic lattice ^^'£^5(2^) = (±5 ■ 2^) (|lHi). Thus we have 

€y_^ 1- 

We see that the genus of an integral involutions (L, ip, S) is determined by the data 

{r,a,6,ps,6,p). 

By Theorem^! the complete list of the above invariants for ellipsoid is given by the condi- 
tions: 

Type i6p = 0) 
2 < a < r and a is even, 
r = 2,6,10,14,18. 
r + a < 22. 

If a = r, then (r, a) = (2, 2), (10, 10). 
If r + a = 22, then (r, a) = (18, 4). 

Type la {6^s = 0, 6^ = 1) 
2 < a < r and a is even. 
r = 4,8,12,16,20. 
r + a < 22. 

If a = r, then (r, a) = (4, 4). 
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Qnieans 5^5 = and v = 0, 

O means 5^5 = and v = ei + €2, 

• means = 1 
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Figure 16. E: All possible {r,a,6^s,v) (here i7 = [ei + 62]) 



If r + a = 22, then (r, a) = (20, 2), (12, 10). 

Type lb {5^s = 1) 
3 < a < r. 
r + a is even. 
2 < r < 20. 
r + a < 22. 



All possible data 

(5.1) (r,a,(5^5,f) 

which are equivalent to (r, a, S^s, Sip) are given in Figure ITT)! We have 5^ = 0, if and only if 
SifiS = V = 0. Thus there are 13 cases of Type 0, and 13 cases of Type la, and 45 cases of 
Type lb. 

The relations between related involutions are: 

(5.2) r((^)+r(rv9) = 22, a(<^) = a(r(^). 



(5.3) 6^s = ^TipSi + = 61 + 62 mod 2L. 

Hence, if a positive curve satisfies = 0, then the related positive curve A~ satisfies 
{^TipSi^Tip) = (0, 1). If a positive curve A'^ satisfies S^s = 1 and r{ip) < 11, then the related 
positive curve A~ satisfies 6r,ps = 1 and r(ry9) > 11. 

For the ellipsoid case, conditions (6+) and (6_) of Theorem are not valid in all cases. 
We have to check conditions (a+) and (a„) in the rest cases directly. As the result, we have 

Theorem 21. For the ellipsoid case, genus always defines the class of an integral involution. 
In particular (by TheoremsUl and \l(J^) . the genus invariants 

(r, a, 6^s, Sip) 

define the connected component of muduli of positive non-singular curves of bidegree (4, 4) 
on ellipsoid up to the action of the automorphism group of ellipsoid. There are exactly 13 
connected components of moduli with 6^ = 0, exactly 13 connected components of moduli 
with (S^s^S^) = (0, 1), and exactly 45 connected components of moduli with 6^s = 1- 

Identifying related positive curves, we get that there are exactly 38 connected components 
of moduli of real non-singular curves of bidegree (4, 4) on ellipsoid up to the action of the 
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automorphism group of ellipsoid. There are 13 of them with 6 = (equivalently, (S^s^^ip) = 
(0,1)^, and 25 connected components with = I-' they are distinguished from 45 by the 
inequality r{(p) < 11 (equivalently, by r{ip) > 11). 

Proof. For the ellipsoid case, an^ = 1, K^s+) = 1, P = 1- Moreover, k{As^) = 0. Thus, 
the condition (6+) of Theorem IT^ means that either r — a>0, orr — a = and a > 5, or 
r — a = 0, a = 4 and Sy,s+ = (for our case, S^s+ = ^ifs)- From the list of possible invariants 
above, we see that this condition is not satisfied only in the following cases: 

(a) 5^ = and r = a = 2; 

(b) S^s = 1 and r = a = 3; 

(c) S^s = 1 and r = a = 4. 
Let us consider all these cases. 

Case (a): In this case, the lattice L*^ = f/(2), and the lattice is the orthogonal 
complement to the primitive sublattice 5+ C U{2) where 5*+ = (—4). It follows that = 
(4). Obviously, the condition (a+) of Theorem IT^ is valid in this case. 

In cases (b) and (c), the invariant = 1, and the lattice L*^ = (2)©(r— 1)(— 2). The lattice 
is the orthogonal complement to the primitive sublattice 5*+ = (—4) C L'^. Equivalently, 
is the orthogonal complement 6-^ to a primitive element 6 & L'^ with 6"^ = —4. Since 
6^s = SipS+ = 1, the discriminant form gx+ must be isomorphic to ^±1(2) © q' in this case. 
Here q±i{2) is a non-degenerate quadratic form on the group of order 2. Equivalently, there 
exists X G Ak+ of order 2 such that qx+i^) ^ mod 1. See (PT|, page 116). 

Considering the odd unimodular lattice L = L'^(l/2) = (1) © (r - 1)(-1) instead of L"^, 
we should prove the following for r = 3, 4: For all elements 5 E L with 5^ = —2 and with 
odd K = 5-^, the lattices K = 5-^ are isomorphic, and the canonical homomorphism 

(5.4) e : 0{K) ^ 0(gK(2)) 

is epimorphic. Now let us consider cases (b) and (c) separately. 

Case (b). In this case, by simple calculations, the discriminant form gx(2) — ?i(2) ©g_i(4). 
Its automorphism group 0(gx(2)) = ±1 is the image of the automorphism subgroup ±1 of 
0{K). Thus, ()5.4|) is valid. To prove that all lattices K = 5-^ are isomorphic, one should 
argue similarly to the case (c) below which is more complicated. 

Case (c). In this case, qK{2) — 91(2) © i?-i(2) © 5'-i(4) (this is clear, but we shall give the 
proof in considerations below). By simple calculations, 0{qK{2)) — (^/2)^. 

Let us consider the group W{L) generated by reflections in all elements of L with squares 
— 1 and —2. The Dynkin diagram of the fundamental chamber of W{L) is well-known (e. g. 
see |30i)- It is (with usual notations) 

(5.5) 

• • O 

Here the two • correspond to elements 6 E L with 6^ = —2 and with odd orthogonal 
complement K = 6-^. They (i. e. their O(L)-orbits) give all elements of L we are looking 
for. In particular, there exist no more than two possibilities for K up to isomorphisms. The 
o corresponds to elements e E L with = —1. The -k corresponds to elements v E L with 
v'^ = —2 and with even f in L. 

Let 60,61,62, 63 be the standard basis of L with the diagonal matrix diag{l, —1, —1, —1). 
The diagram (j5.5|) is given (from the left) by 62 = —62 + 63, 61 = —61 + 62, 6 = 61 and 
V = 60 — 61—62 — 63. The permutation (60,61,62,63) — > (60,62,63,61) gives the automorphism 
of L such that ^i ^ 62- Thus the lattices K corresponding to K = 61 and K = 62 are 
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isomorphic. Any element 5 E K with 5^ = —2 and with odd 5^ belongs to 0(L)-orbit of 5i 
or 82. 

The lattice K = 62 has the basis cq, ei, 6 = 62+63 with the diagonal matrix diag{l, —1, —4). 
It follows that gx(2) — 91(2) © '?-i(2) © 9-i(4) with the corresponding bases 6o/2, 6i/2, 6/4 
mod i^'. As we have mentioned, it is easy to see that 0{qK{2)) — (^/2)^. The automorphisms 
±1 of the lattice K give the automorphisms ±1 of qK{2)- To prove (j5.4|) . it is sufficient to 
construct an automorphism of K which does not give the automorphism ±1 in 0{qK{2))- 

This is the automorphism /: 69 ^ 2eo + 61 + 5, 61 Cq + 6, 6 2eo + 2ei + 6 of 
the lattice K. One can easily check that this is an automorphism of K. We have that 
/: (5/4 ^^ 60/2 + 61/2 + 6/4. It follows that / does not give ±1 in 0{qK{2))- Thus, (f^ is 
epimorphic. 

In the case (b), the Dynkin diagram of W{L) is 
(5.6) 

• — o — o . 

Replacing (p by T(f), we get the statement (a_) or Theorem 13. 
It follows the theorem. 

Now we consider the geometric interpretation of the above calculations. Using (|2.44p . 
(|2.45p for both positive curves A'^, A~ and (|5.2j) . (j5.3p . we can easily draw the picture of A'^ 
on ellipsoid for all invariants (j5.ip . See Figures IT7I and ITSl As usual, we set g = (22 — r — a)/2 
and k = {r — a)/2. Thus we get the isotopy classification of real non-singular curves of 
bidegree (4, 4) on ellipsoid. We can see that the isotopy type is defined by the topology type 
of y4+. The isotopy types of A are: 

a nest of depth 4; (0) (or 0); (l(m) U n) where m + n < 9, m < n. 

This isotopy classification was first obtained by Gudkov and Shustin [S]. As we have 
mentioned in Sect. EJ Zvonilov classified complex schemes of these isotopy types. Below 
we partly repeat his results. 

We have similar statement to Arnold jS] 

Proposition 22. Let {A,ip) (or ) he a positive curve of bidegree (4,4) on an ellipsoid. If 
A is dividing, then 

[X^(M)] = c(6i + 62) 
in H2{X; Z/2Z) for some c (g Z/2Z). In particular, we have 6^s = 0- 

Proof. We use arguments like Wilson [32], Lemma 6.7. Let and be the connected 
components of A\ A(]R). have the orientations induced from A. A'^ and A~ are the halfs 
of Y(R) \ A(R). A+ = n{X^(R)) and A' = 7i{Xr^(R)). Y(R) (ellipsoid) is homeomorphic 
to the 2-sphere S"^, and orientable. We give A^ the orientations induced from an orientation 
of y(M). We regard and A^ as Z-chain. Then we have d{C~^ + A'^) = 2dD where 
D is the sum of some 2-disks on y(]R). Hence + A'^ — 2D is Z-cycle. We consider 
the anti-holomorphic involution 9 = if mod {1,t} on Y. Then 0(pt x P^) = — (P^ x pt), 
^(P^ X pt) = -(pt X Pi), e{C+) = -C~ and 9 fix Z-chains on Y{R). 
For any integer m,n, we have 

(1 + ^)(m(pt X P^) + n{F^ X pt)) = (m - n)(pt x P^ - P^ x pt). 

Hence (1 + 9){C~^ + A'^ — 2D) ~ c(pt x P-*^ — P-*^ x pt) for some integer c, where ~ means 
Z-homologous. Since A is of bidegree (4, 4), + ~ 4(pt x P^ + P^ x pt). Thus we have 

2[C+ + -2D- 2(pt X pi + pi X pt)] = c[pt x P^ - P^ x pt] 
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ellipsoid 

Figure 17. E: A+ for (r, a, 7^ (10, 10, 0), (12, 10, 0), (10, 8, 0), (12, 8, 0). 




ellipsoid 

Figure 18. E: A+ for (r, a, 5^s) = (10, 8, 0) {A+ = for (r, a, 5,^5) = (10, 10, 0)). 

in H2{F^xF^; Z). Since H2{F^xF^; Z) is free, we have [C+ + A+-2L)-2(pt x P^+pi x pt)] = 
c[pt X — X pt] for some integer c. Hence we have 

C+ + ~ c(pt X P^ + pi X pt) 

as Z/2Z-cycles for some c (g Z/2Z). Taking the transfer (hke Lemma 6.7) gives 
[X^(M)] = c(ei + 62) in if2(X; Z/2Z). □ 

Suppose that A is dividing. Then 6^s = by Proposition |221 Since s^, = [X^(]R)] 
mod 2H2{X] Z) and + s^-^ = (ci — 62) mod 2H2{X] Z) (see above), we have 

[X^(M)] + [X.^(M)] = (ei + e2) 

in iJ2(^; Z/2Z). Hence, by Proposition 121 we see [X^^(M)] = (d + 62) if [X^(R)] = 0, and 
[X,^{R)] = if [X^{R)] = (ei + 62) in H2{X; Z/2Z). 

By Proposition 122 if S^ps = 1, then the curves are not dividing. Hence, the following 6 
isotopy types (7Ul(0)), (6Ul(l)), (5Ul(2)), (4Ul(3)), (4Ul(l)) and (3Ul(2)) with = 1 
are not dividing. By Zvonilov jHSj, these 6 isotopy types are of indeterminate type, i.e., there 
exist dividing curves of these isotopy types. Then these dividing curves must realize some 
connected components with 6^s = 0. As a result, it turns out that if 6^,3 = and A{R) ^ 0, 
then A is dividing. Thus we have the following characterization of the invariant b^s- 

Theorem 23. Let he a positive non-singular real curve of bidegree (4, 4) on ellipsoid. 
Then, A is dividing or A{M.) = 0, if and only if 6^s = 0. □ 
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Finally we get 

Theorem 24. A connected component of moduli of a positive real non-singular curve A"^ 
of bidegree (4,4) on ellipsoid is defined by the topology type (or isotopy type) of A^ and by 
divideness of A{C) by A{M.) (or the invariant 6^s)- these possibilities are presented in 
figures E above. 



6. Connected components of moduli of real non-singular curves in | -2K^^\ 
Here we consider the case S = {2) ® (—2) and 6^ = — 1 on S'. 

Let us show that Y = X/{1,t} = Fi in this case. We apply general results about right 
DPN-pairs which we have cited in Sect. 12.21 By ()2.1H1 . ()2.12|1 . A = X'^ is a non-singular 
irreducible curve of genus 9. Since A 7^ 0, F is a rational surface with the Picard number 
2. Then y = F„ with n > 0. Since A G Y is a right DPN-pair, exceptional curves of Y are 
rational with square —1, —2 or —4. Thus, F = F„ with n = 0, 1, 2 or 4. If n = 0, then 
y = X P^, and we have seen that 5* = U{2) in this case. If n = 2, then preimage of the 
exceptional section gives an element of S with square —4 (it is also a root of S), but S does 
not have elements with square —4. If = 4, then the exceptional rational curve with square 
—4 must be a component of A, but A is irreducible of genus 9. Thus, Y = ¥1. 

This case is (P)-non-degenerate because S has no elements with square —4. 

For the exceptional section of Fi with square —1, we denote by e its preimage on X. Then 

= —2. We consider the contraction Fi —>■ P^ of the exceptional section and denote by h 
the preimage on X of a line I C P^. Then h"^ = 2, h ■ e = 0. We have S = Zh + Ze. 

Since 9 = —1, we have 5'+ = {0}. Obviously, s = 2, p = 0. 

Since A(5+, SY~^^ = A(5_, = 0, by Lemma |1 G is trivial. 

The group As_ is generated by h* = and e* = — |e, and hence As_ = (Z/2Z)^ and 
K^S-) = 2. The characteristic element of qs_ is h + e (mod 25*). 

We have As+ = 0, H+ = 0, p = 0. Since T. = 0, H = (c S/2S) is one of the 
following 5 subgroups: 

0, [h], [e], [h + e], S/2S=[h,e], 

where we consider h, e mod 25*. Since = 0, we have qp = {—qs_)\H_. For the groups H 
we have: 

(1) H = 0. Then an = 0, qp = 0, 6h = 0, kp = 0, fip = 0, ap = (mod 8). If 6^s = 0, 
then t> = 0, equivalently, 6^ = 0, and = (mod 4). 

(2) H = [h]. Then an = I, qp = q-i{2), 6h = I, kp = 0, fip = 0, ap = -1 (mod 8). If 
6^s = 0, then v = h, and hence = —1 (mod 4). 

(3) H = [e]. Then an = l,qp = qi{2), 6h = I, kp = 0, fip = 0,ap = l (mod 8). If 6^s = 0, 
then V = e, and hence Cy = 1 (mod 4). 

(4) H = [h + e]. Then an = I, qp = z, 6h = 0, kp = 1, fip = 0, ap = (mod 8). If = 0, 
then V = or h + e, and hence Cy = (mod 4). 

(5) H = S/2S. Then an = 2,qp = gi(2) ©g_i(2), 6h = l,kp = 0, fip = 0,ap = (mod 8). 
If = 0, then Cy = (mod 4). If 5^5 = and 5^ = 1 (Type la), then we also have Cy = 
(mod 4) as we mention below. 

From above we always have fip = 0. We see 6^s+ = ^ip- We also see d^ps^ = if and only 
if 5^s = 0, f = /i + e and H = [h + e] oi S/2S. If 6^s+ = ^.^ = 0, then we have = 
(mod 2). If 6^pS- = 0, then we have c„ = (mod 4) (see (4) and (5) above), and hence 
7_ = ^1(2) © g_i(2). We see {qs.)v = ""+(2), and hence = (mod 2). 
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O means 5^5 = and v = 0, 
• means S^s = 1 
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Figure 19. Fi: All possible {r,a,6^s,v) with H = 



Orleans 5^5 = and v = h + e, 
• means = 1 
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Figure 20. Fi: All possible {r,a,S^s,v) with H = S/2S = [h,e] 



O means 5^5 = and v = h, 
• means 5^$ = 1 
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Figure 21. Fi: All possible {r,a,6^s,v) with H = [h] 



We see that the genus (hence, by Theorem IT^ and Proposition ^1 isomorphism class) of 
an integral involutions (L, ip, S) of the type ((2) © (—2), —1) satisfying (RSK3) is determined 
by the data 

(6.1) {r,a,H,S^s,v), 

where the v (g H) is defined only if 6^s = 0. We remind that 5,^ = if and only if 
SipS = v = 0. 

By Theorem ^1 the complete list of the above invariants is given by the conditions: 
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O means 5,ps = and v = e, 
• means S^s = ^ 
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Figure 22. Fi: All possible (r, a, 5^5,^) with H = [e] 



Qmeans S^s = ^■iid v = 0, 
O means 5^s = and v = h + e, 
• means 5^s = 1 
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Figure 23. Fi: All possible (r, a, 5^s, v) with H ^[h + e] 



Type {6^ = 0) 
// = 0or [h + e\. 
r = 2, 6, 10, 14, 18. 
a = (mod 2). 
a < r. 

r + a< 2aH + 18. 

If = 0, then a > 0. 

If if = [h + e], then a > 2. 

If = and a = 0, then 2-r = (mod 8). 

If = [/i + e] and a = 2, then 2 - r = (mod 8). 

If a = r, then 2 - r = (mod 8). 

Type la {S^s = 0, 5^ = 1) 

ttH > 1. 

= (Tp (mod 4). Hence, c„ = (mod 4) if if = S/2S. 
If = [/i], then a > 1, r = 3, 7, 11, 15 and a = 1 (mod 2). 
If H = [e], then a > 1, r = 1, 5, 9, 13, 17 and a ee 1 (mod 2). 
If = [/i + e], then a > 2, r = 2, 6, 10, 14, 18 and a = (mod 2). 
If ii" = S/2S, then a > 2, r = 2, 6, 10, 14, 18 and a = (mod 2). 
If if = [/i] or if = [e] and a = 1, then 2 — r = (7p (mod 8). 
If if = [/i + e] or if = 5/25 and a = 2, then 2 - r = (mod 8). 
a < r, r + a < 2aH + 18. 

If 5^5 = 0, V = /i + e, if = [/i + e] or S/2S and r + a = 2aH + 18, 
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Figure 24. Fi: A+ ior H = [h,e] with {r,a,S^s,v) ^ (10, 10, 0, /i + e); here 
a = g, P = k. 



then 2 



(mod 8). 



Type lb {6^s = 1) 
a > an + kp + 1. 
r + a = (mod 2). 
If a = aH + kp + 1, then 2 
If a = a// + + 2, then 2 — r ^ dp + 4 
1 < r < 19, a<r, r + a <2aH + 18. 
If (^-ps = 0, f = + e, if = [/;. + e] or S'/25' and r + a 
then 2 — r = (mod 8). 



r = dp ± 1 



(mod 8) 
(mod 8) 



2aH + 18, 



In Type la case, if if = S/2S, then c^, = (mod 4). Thus v = h + e. Hence, H 
determines v in Type la case. Thus, by the above, the isomorphism class of an integral 
involutions {L,{p,S) of the type ((2) © (— 2),— 1) satisfying (RSK3) is determined by the 
data 

{r,a,H, 6^s,Sv>)- 
We give all these possible data in Figures ITUl — 1221 
By Theorem ITTl about related involutions, we have 

r{(f) + r{Tip) = 20, a{Lp) - aui^) = a^np) - aH{r^), 

(6.2) aH{>p) + aH{T^) = 2, H{tlp) = H{if)^ w.r.t. hs_, 

S^s = S(r^)s, + Sr^ = h + e mod 2L. 

Thus, integral involutions of Type with H = (12 classes) are related to involutions of 
Type la with H = S/2S. Involutions of Type with H = [h + e] (10 classes) are related to 
involutions of Type la with H = [h + e]. Involutions of Type la with H = [h] (13 classes) 
are related to involutions of Type la with H = [e]. Involutions of Type lb with H = (39 
classes) are related to involutions of Type lb with H = S/2S. Involutions of Type lb with 
H = [h] (39 classes) are related to involutions of Type lb with H = [e]. Finally, the class 
(r, a,H= [h + e], Type lb) is related to (20 — r,a,H= [h + e], Type lb) . (There are 30 classes 
of Type lb with H = [h + e].) 

Moreover, if we identify related involutions, there are 35(= 12 + 10 + 13) classes with 
SifiS = and 95(= 39 + 39 + 17) classes with S^s = 1- 

Let us consider the geometric interpretation of the above calculations. We denote by s the 
exceptional section of Fi with = —1 and by c the fiber of the natural fibration vr : Fi — * P^. 
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A- 

D, 



Figure 25. Fi: A+ for H = [h, e] with (r, a, = (10, 10, 0,h + e) 



Figure 26. Fi: for H = [h]; here a = ^ - 1, /? = fc. 

c 



P 



Figure 27. Fi: for if 
here a = g — 1, (3 = k. 



[h + e] with (r,a,(5^5) ^ (10,8,0), (10,10,0); 



The contraction of s (as an exceptional curve of the first kind) gives the natural morphism 
p : Fi — »• P^, and we denote P = p{s). A non-singular curve A E \ — 2Ky^ \ gives then a curve 
Ai = p{A) of degree 6 in with only one singular point P which is a quadratic singular 
point resolving by one blow-up. A small deformation of A or Ai (in the same connected 
component of moduli) makes P non-degenerate. Using Bezoute theorem, one can easily draw 
all in principle possible pictures of Ai. For example, one can find these pictures in Figure 
1 of pLIiij. Lifting these pictures to Fi and using ()2.44|1 . ()2.45|1 and Theorem UHl applied to 
both positive curves A~^ and A~ , we get from Figures ITHl — ESI all pictures of on Fi up 
to isotopy. They are all presented in Figures OH— QUI where we denote g = (22 — r — a)/2 
and k = {r — a)/2, as usual. The interval AA denotes s(]R), the real part of the exceptional 
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Figure 28. Fi: A+ for H ={h + e] with (r, a, 5^s, v) = (10, 8, 0, 0). 



Figure 29. Fi: A+ = (J} hi H = [h + e] with (r, a, 5^5, v) = (10, 10, 0, 0). 



section s, and the interval BB denotes the j9~^(/(]R)) of a real projective line / C which 
does not contain P. 

We have the following geometric interpretation of the invariants 6h and 6e (see fl2.18p ) of 
A'^ if A'^ 7^ 0. We have 5h = (equivalently, h mod 2 G H), if and only if homotopically 
/(M) C A~ (i. e. some deformation of /(M) is contained in A~). Similarly, 6e = 0, if and only 
if homotopically s(M) C A~ . The invariants Sh and Se for both positive curves A~^ and A" 
are sufficient to find the group H. 

Thus, we get the isotopy classification of real non-singular curves A & \ — 2Kf-^^ \ . In this 
classification we don't care about position of A{M.) with respect to the real part s(]R) of the 
exceptional section (one can see that more delicate classification in [TU]). 

We have the following interpretation of the invariant S^ps'- one has S^^s = 0, if and only if 
the curve A is dividing: A{M.) divides A{C) in two connected parts or A{M.) = 0. Equivalently, 
A(R) = in Hi{A{C), Z/2). 

In one direction it follows from considerations similar to Kharlamov in JT] and We 
have 

Proposition 25. Let (X, r, ip) be a real K3 surface with a non-symplectic involution of the 
type {S, 9) with non empty A = X'^ . Then, if {A, 6) is dividing, then 6^s = 0. 

Proof Suppose that [A{R)] = in Hi{A; Z/2Z). Then A{R) and A satisfy the condition a) 
in Sect. 2.2 of ^T]. Since A{M.) is a disjoint union of circles, Wi(y4(]R)) = 0, and the condition 
b) in Sect. 2.2 of [TT] is also satisfied. Using the notation of [TT], we obtain that 
realizes the nulls of the group H2{Pa-,'^/21j). Since np = ipr, we have r(X(]R)) = X{ 
and A{R) = AnX{R). 
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The tangent bundle T{A), which is real 2-dimensional, is isomorphic to the normal bundle 
A^(^) of y4 in X (because X is a K3 surface), and the tangent bundle T(74(]R)) is isomorphic 
to the normal bundle X(A(M)) of A{R) in X{R). Since /(P4(r)) realizes the nulls of the 
group H2{Pa,^/'2Z), by Lemma 1 in Sec. 2.3 of HI], the class [X(R)] in H2{X,Z/2Z) is 
orthogonal to Ima2 in H2{X,1j/2'Ij) with respect to the intersection pairing where 02 is the 
homomorphism in the Smith exact sequence for {X,t) (see [H]). Since ifi(X, Z) = 0, as in 
the proof of Lemma 3.7 in we have Ima2 = {x G H2{X, Z/2Z) | r*(x) = x}. It follows, 
S^s = 0. □ 

Unfortunately, we don't know a simple proof of the opposite statement: if 6^s = 0, then 
the curve A is dividing or A{M^) = 0, 

Like in previous cases (because we know that invariants (jb.lj) define the connected com- 
ponent of moduli), it would be enough to construct a dividing curve A on Fi in each case 
when S^s = 0, and it should follow from known results about real curves of degree 6 (e. g. 
see jni and jn])- Another general argument is to apply Donaldson's trick like in We 
can consider as holomorphic involution and r as anti-holomorphic. Then the statement 
follows from Theorem ^1 The same argument works in all previous cases, but we did not 
need it. Thus, we finally get 

Theorem 26. A connected component of moduli of a positive real non-singular curve A G 
I —2K^j^ \ is defined by the isotopy type of A~^ C Fi(]R) and by the divideness by A{R) of A{C) 
( equivalently, by the invariant 6,^3 )■ these possibilities are presented in in the Figures Fi 
above and in (|6.2p . 



7. Connected components of moduli of real non-singular curves in | -2KvJ^ 
Here we consider the case S = U and 6 = ~1. 

Like in previous cases, we can prove that Y = X/{1,t} = F4 in this case. This case is 
(I')-non-degenerate because S has no roots with square —4. 
We have S+ = {0} and = S , s = 2, p = 0. 

Since A(^+, ^)(-^) = A(S_, SY~^^ = 0, by LemmaHthe group G is trivial. 
Since U is unimodular, As_ = {0}. Obviously, As_^ = {0}. Hence, H = = = 0, 
p = and 6^s = S^- 

By Theorem IT^ and Proposition the genus defines the isomorphism class of an integral 
involutions {L,ip,S) of the type ([/,—!) satisfying (RSK3), and it defines the connected 
component of moduli. It is determined by the data 

(7.1) (r,a,(5^5 = (5<^,f) 

where f = if 6^s = (otherwise, v is not defined). The complete list of the invariants (j7.1j) 
is given by the conditions: 

6^ = case 

r = 2,6,10,14, 18, a = (mod 2), a < r, r + a < 20. 
If a = 0, a = r or r + a = 20, then 2 — r = (mod 8). 

6^ = 1 case 

a>l, r + a = (mod 2), 1 < r < 19, a < r, r + a <20. 
If a = 1, then 2 - r = ±1 (mod 8). 
If a = 2, then 2 - r ^ 4 (mod 8). 
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O means 5^5 = and v = 
• means S^s = 1 
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Figure 30. F4: All possible {r,a,6^s,v) (here H = 0) 



All possible data (jy.lj) are given on Figure IHIl There are 14 isomorphism classes with 
6^ = and 49 isomorphism classes with = 1. 

By Theorem ITU we have for related involutions 

(7.2) r{(p) + r{Tip) = 20, a{(p) = aijip) and 5^s = ^t^s, = Sr^. 

It corresponds to the symmetry with respect to the line r = 10 of Figure EOl Thus, if we 
identify related involutions, there are 10 isomorphism classes with 5^ = and 27 isomor- 
phism classes with 5^ = 1. 

Now let us consider the geometric interpretation of the above results. Denote by s the 
exceptional rational section with = —4 of F = F4, and by c the fiber of the natural 
fibration / : F4 — ^ s. One has = and Pg{c) = 0. We have —2K^ = 12c + 4s. Thus, for 
A e \ - 2K^\, one has A - s = -4. It follows A = s + Ai where Ai G |12c + 3c|. We have 
c ■ Ai = 3 and s ■ Ai = 0. It follows that a non-singular A G | — 2K]^\ has two irreducible 
components: A = s + Ai. Thus, we are describing connected components of moduli of 
non-singular curves Ai in the linear system |12c -|- 3s|. Any such Ai gives a non-singular 
A = s + Ai from | - 2Ky\. 

We mention that the lattice S = U is ZC + ZE where C = 7r*(c) and E = n*{s)/2. We 
have = 0, E"^ = —2 and C ■ E = 1. As usual, we denote tt : X — > F = F4 the quotient 
morphism. 

If F(]R) is not empty, then F(M) is a torus and s(]R) is a circle giving a generator of the 
torus. The curves c(]R) where /(c) G s(]R) give another generator of the torus. It follows 
that a real curve Ai(]R) belongs to the open cylinder F(]R) — s(]R) with its infinity identified 
with two copies of s{R). 

Using c ■ Ai = 3 and ()2.44j) . ()2.45|) for both involutions (p and T(f, we get at once that 
a positive curve A'^ with the invariants ()7.1|) has the isotopy type given in Figures |^ and 
021 In Figures ED and 1221 we assume that {r,a,6y,) 7^ (10,10,0). Then F(]R) is a torus. If 
(r, a, 5^) = (10, 10, 0), then F(M) is empty. As usual, ^ = (22 - r - a)/2 and k = {r - a)/2. 

Like in Sect. El we obtain the following interpretation of the invariant 6^: one has 5^ = 0, 
if and only if the curve A is dividing: A{M.) divides A{C) in two connected parts or A(R) = 0. 
Equivalently, A(M) = m Hi{A{C),Z/2). 

Thus, finally, we get 

Theorem 27. The connected component of moduli of positive real non-singular curves A'^ , 
A E \ — 2Kf^ I up to the action of the automorphism group of F4 is defined by the isotopy 
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Figure 31. F4: with (r, a, t;) ^ (10, 8, 0, 0), (10,10,0,0). 





Figure 32. F4: A+ with {r,a,5^s,v) = (10,8,0,0) (F4(M) = if 
{r,a,6^s,v) = (10,10,0,0)). 

type and by divideness of A{C) by A(R). All these possibilities are presented in Figures F4 
above. 

We remark that the corresponding real K3 surfaces (X, r, ip) give an important class of 
K3 surfaces. They are elliptic K3 surfaces (preimages of c) with section (the preimage of s). 
The holomorphic involution r gives the inverse map of the elliptic pencil. 



8. Application: Real polarized K3 surfaces as deformations of general K3 

DOUBLE RATIONAL SCROLLS 

Consider a non-degenerate real K3 surfaces {X, r, </?) with a non-symplectic involution 
of the type {S,9) where {S,9) is of one of 5 types with ikS < 2 described in Sect. 12.41 
Assume that P G is a primitive nef element with = n, n G N is even, and such that 
6{P) = —P. Moreover, assume that the complete linear system |P| or |2P| gives the quotient 
map 7T : X —>■ Y = X/{1, r}. By standard results about linear systems on K3 surfaces, e. g. 
see j2ZI, it is valid in the following and only the following cases: 

The Case ofF^, i. e. S = (2) and 9 = -1: Then P = h and = n = 2, both |P| and 
|2P| give the quotient map tt : X ^ Y = P^. Thus, n = 2. 
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The Case of ellipsoid E, i. e. S = U{2) and 0{ei) = —62: Then P = ci + 62, P'^ = n = 4 
and \P\ gives the quotient map n to the elhpsoid. Thus, n = 4. 

The Case of hyperboloid M., i. e. S = U{2) and 6 = —1: Then either P = niCi + 62 (we 
denote this EI(i)) or P = d + 71162 (we denote this CcLSG cLS EI(2)), and P^ = n = 4ni, 

Ui > 1. Then \P\ gives the quotient map vr to the hyperboloid. Thus, n = 4ni = mod 4 
and n > 4. 

r/ie Case o/Fi, z. e. S = (2) © (-2) anc? 9 = -1. We have P = Uic + e = nih + e{l-ni) 
where c = h — e and P^ = n = 4ni — 2, rii > 2. Then \P\ gives the quotient map to Fi. We 
have n = 2 mod 4 and n > 6. 

The case 0/F4, z. e. S = U and 9 = -1. We denote C = 7r*(c) and E = vr*(s)/2 where 
= 0, -E^ = —2 and C ■ E = 1. We have two possibihties: 

The case (F4)'--^''; P = niC + E where ni > 3 and P^ = n = 2ni — 2, then \2P\ gives the 
quotient map and \P\ gives the composition of vr with the natural fibration F4 — >■ P^. We 
have = mod 2 and > 4 for this case 

The case {¥4)'^'^'^ : P = UiC + 2E where ni > 5 is odd and P'^ = n = Arii — 8, then \P\ 
gives the quotient map tt. We have n = 4 mod 8 and n > 12 for this case. 

For each of these types: 

(8.1) r = {P2, E, Hd), e(2), Fi, (F4)(^\ (F4)(')} 

the element P is uniquely defined by n = P^, if it exists. If for t eT such P does exist we 
write n & t. For t G T we denote by vro(A^t) the set of connected components of moduli of 
non-degenerate (X, r, 0) of the type t e T which we had described in Sects El — [7| 

Since the branch curve is non-singular in all these cases, the P is ample. In all these cases 
|3P| gives an embedding of X to a projective space. If > 4, a small deformation of the 
pair {X, P) gives a K3 surface with the very ample P, i. e. |P| : X C P"/2+i. 

We denote by ^An,k where n, /c e N and n is even, the moduli space of real polarized 
K3 surfaces (X, kP) with the polarization kP where P is primitive and P^ = ra, and we 
require that the linear system \kP\ gives an embedding |A;P| : X C P'='"/2+i, i. e. kP IS very 
ample. Thus, in all cases above, for /c > 3 the correspondence (X, r, 0) (X, kP) gives 
an embedding of the moduli of (X, r, ip) to the moduli A4n,k, k > 3, of real polarized K3 
surfaces (X, kP) with the polarization kP of the degree nk^ where P is primitive. Thus, for 

> 3 we get the natural deformation map 

(8.2) D^: \J no{Mt)^no{Mn,k). 

teT : net 

A polarized K3 surface (X, kP) which belongs to a connected component of moduli from the 
image of D can be obtained by a deformation inside A4n,k from a real K3 surface which is 
a general double covering (i. e. with a non-singular branch curve) of a rational scroll. All 
these scrolls and the types of their double coverings are given by the types t & T such that 
n E t. We call such K3 surfaces as general K3 double rational scrolls. 

One of consequences of Theorem 3.10.1 in (we shall discuss it in details later) is that 
the natural embedding 

(8.3) Mn = Mn,l^Mn,k, (X, P) ^ (X, fcP) , 

gives the isomorphism of the set of connected components of M.n = M.n.i and the set of 
connected components of M.n,k for k > 2. A difference between Ain and A1n,fc for k > 2 
is only on the boundary of in Ain,k, and this boundary (in spite of it has the real 
codimension one in Ain,k) does not divide connected components of A4n,k, k >2. 

Thus, the deformation map in (j8.2j) is defined for all A; > 1. The image of D gives 
connected components of moduli of real polarized K3 surfaces (X, kP) for any k > 1, which 
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can be obtained as a deformation of a general real K3 double rational scroll. Using results of 
previous sections and jTHj, the deformation map Dn can be computed explicitly and gives all 
real polarized K3 surfaces (X, kP), k > 1, which are deformations of general real K3 double 
rational scrolls. Moreover, we can even enumerate (classify) all types of these deformations. 

A polarized real K3 surface (X, cong, /cP), where P is primitive and /c > 1, defines an 
integral involution with a condition (L = H2{X, Z),ip = cong^, Sn = [P]) where Sn = [P] = 
ZP = (n) and 6 = (f)\Sn = —1- Theorem 3.10.1 in P2] gives that the connected component 
of moduli of (X, cong, kP) is defined by the isomorphism class of its integral involution 
(L, ip, Sn) with the condition {Sn, —1). AH invariants of the genus of (L, ip, Sn) are given by 
the invariants 

(8.4) {n;r,a,6p,6^,6^p) 

which are the same as in ()2.20|) . All possibilities for the genus invariants ()8.4j) are given in 
Theorem 3.4.3 from [12] where one should put Z(+) = 3, = 19, t(+) = 1 and t(_) = r — 1. 
The genus (18. 4|) defines the class (Theorem 3.3.1 in [IH]), if r < 18 — 6py^ (actually, similarly 
to Theorem one can give much better sufficient conditions). 

Assume that the real K3 surface (X, r, ip) has the integral involution (L, ip, S) of the type 
{S,9), and {S,6) and P G S* is of one of types t & T from ()8.1|) such that n & t. Assume 
that (L, ip, S) has the invariants ()2.2H) which are 

' if (5^5,^) = (0,0) 
otherwise 



•5) {r,a,H+,H^,6^s,v) where 5^ = | J ^^[^^^1 



(we don't need Qp, if rkS* < 2). Then the integral involution of the polarized K3 (X, P) is 
equal to (L, ip, Sn = ZP) where Sn = ZP C S" is the sublattice generated by P. It follows 
that the invariants (r, a, 6^) of (X, P) in (|8.4|) are same as in (j8.5|) . We have 

^ _ f if P mod 25_ G H_ 
^ ' ^ ^ 1 1 otherwise ' 

and 

c _ f iiP = v mod 2^_ 
- I 1 otherwise 

Symbolically we write in this case 

(8.8) Dn : (t; r, a, H+, H^, S^s, v) =^ {n; r, a, Sp, S^, S^p). 

Applying results of previous Sections (especially Theorem [T)), we get 

Theorem 28. Let us fix a type t E T of a rational scroll. There exists a real polarized K3 
surface (X, kP) with the invariants 

{n;r,a,Sp,S^,S^p) 

which is a deformation of a general real K3 double rational scroll t, if and only if n Et and 

Dn : {t; r, a, H+, H_, 5^s, v) =^ {n; r, a, 5p, 5^, 5^p). 

All these polarized K3 surfaces (X, kP) belong to one connected component of moduli of real 
polarized K3 surfaces. 

Thus, to find all real polarized K3 surfaces which are deformations of general real K3 
double rational scrolls, we need to find out when one has ()8.8p . These calculations are 
routine, and we only formulate the result. Using notations of Sects. El — El we get: 



(8.9) Types of deformations of general real K3 double rational scrolls: 
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The Case ofF^: n G P^, if and only if n = 2; P = h; 

D2 : (P^; r,a,H = 0, 6^s, v) =^ (2; r, a, 6p = 1,6^ = 6^s, ^^p = 1); 

D2 : (P^; r,a,H = [h], 6^s, v) =^ (2; r, a, 6p = 0,6^ = 1, 6^p = 6^s)- 
See Figures 121 and ini for the hst of all possible invariants (P^; r, a, if, 5^5, f ). 

The Case of ellipsoid E; n G E, if and inly if n = 4; P = ei + 62', 

D4 : (E; r,a,H = [ci + 62], 5,^5, v) =^ (4; r, a, 6p = 0, 5^, 5^p) where 

^ =/0 if i^vs^v) = {0,61 + 62) 
1 1 otherwise 

See Figure Uni for the list of all possible invariants (E; r,a,H= [ci + 62], S^S: 'v)- 

The Case of hyperboloid EI(i). n G IHI(i), if and only if n = mod 4 and n > 4; P = 

{n/A)6i + 62] 

Dn : (IHI(i); r,a,H = 0, S^s, v) =^ {n; r, a, Sp = l,5^ = 5^s, S^p = 1); 
Dn ■■ (EI(i);r, a, if = [ei, 62], 5^5, f ) =^ {n;r,a,6p = 0,6^ = 6^s,^^p = 1); 
Dn : (11(1); r,a,H = [ci], 5^s, v) =^ {n; r, a, 5p = 1, 5^, 5^p = 1); 
■■ (11(1) ;r,a,H = [62] , 5^s, v) =^ (n; r, a, Sp, S^, S^p) where 

if n = mod 8 ^ _ f if (n mod S,6^ps,v) = (0 mod 8,0,62) 

1 otherwise ^ ^ i otherwise ' 

Dn : (EI(i); r,a,H = [ci + 62], 5^5, v) =^ {n; r, a, 6p, 6^, 5^p) where 

^ _rO ifn = 4 mod 8 ^ _ f if (n mod 8, v) = (4 mod 8, 0, Ci + 62) 
^ 1 1 otherwise ^ v>p \ i otherwise 

See figures ini — El for the list of all possible invariants (H; r, a, H, 6^s, 'v). 

The Case of hyperboloid EI(2) / Change ei and 62 places in the previous case. 

The Case of ¥1: n E Fi, if and only if n = 2 mod 4 and n > 6; P = {{n + 2)/4) h + 
((2-n)/4)e; 

Dn : (Fi; r,a,H = 0, S^s, v) =^ {n; r, a, Sp = 1,S^ = S^s, ^^p = 1); 

Dn ■■ {¥i;r,a,H = [h,6\,S^s,v) =^ {n;r,a,Sp = 0,S^ = l,S^p = 1); 

Dn : {¥i;r,a,H = [h],6^s,v) =^ {n;r,a,6p,6^ = l,6^p) where 

^ _r ifn = 2 mod 8 ^ _ f if (n mod 8, 6^s) = (2 mod 8, 0) 
^ 1 1 otherwise ^ v>p \ i otherwise ' 

Dn : {¥i;r,a,H = [6],6^s,'v) =^ {n;r,a,6p,6^ = l,6^p) where 

^ _ f if n = -2 mod 8 ^ _ f if (n mod 8, 6^s) = (-2 mod 8, 0) 
^ 1 1 otherwise ^ vP ^ i otherwise ' 

Dn : {¥i;r,a,H = [h + 6\,5^s,v) =^ {n;r,a,5p = l,5^,5^p = 1). 
See the list of all possible invariants (Fi; r, a, H, 6^s, in figures [T^ — 1221 

The Case o/(F4)W.- n G (F4)W, if and only if n = mod 2andn > 4; P = {n/2+l)C+E- 
Dn : ((F4)^^^ r,a,H = 0, 6^s, v) =^ {n; r, a, 6p = 1,6^ = 6^s, ^^p = !)• 
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The Case of {W^)^^^- n E {¥i)^^\ if and only if n = 4 mod 8 and n > 12; 
P = (n/4: + 2)C + 2E; 

Dn ■■ ((1^4)^^^ r,a,H = 0, S^s, v) =^ (n; r, a, Sp = 1,S^ = S^s, S^p = !)• 
See the figure EOl for the hst of all possible invariants (F4; r, a, H, 5^5, v). 

We can apply this calculations to answer the following interesting question: What are real 
K3 surfaces which are deformations of general real K3 double rational scrolls? 
We have 

Proposition 29. A real polarized K3 surface (X, kP) where P is primitive and n = P^ > 6 
cannot be a deformation of a general real K3 double rational scroll, if either (r, a) = (20, 2) 
(equivalently X(M) = {Tq)^^) or r + a = 22 and S^pp = (equivalently, X(]R) = (Tq)™ and 
X(M) ~ P mod 2 in H2{X, Z) ). 

Proof. If r = 20, then = L_ is positive definite or the rank 2. It cannot contain of 
the rank two because S- is hyperbolic. Thus, r = 20 may happen only for when n = 2, 
and for ellipsoid when n = 4. From the list of possible invariants (r, a, 6^) of real K3 surfaces 
(see Figure IH) we get that a = 2 and 5^ = 1, if r = 20. By ()2.44|) . this is equivalent to 
X{R) = T(i°. 

Assume that r + a = 22 and n > 6. This is possible only for (M.; H = [61,62]) and 
{¥i;H= [h, e]), but all these cases give 6^p = 1 by deformations (jHT^ . By (jmj) . r + a = 22 
is equivalent to X{R) = (Tq)'", and 6^p = is equivalent to X{R) ~ P mod 2 in H2{X, Z), 
by (ITiH|) . 

This proves the statement 

We have 

Theorem 30. A genus invariant (n; r, a, 6p, 5^, 5^p) of a real polarized K3 surface (X, kP) 
can be obtained by the deformation Dn of some general real K3 double rational scroll t E T 
from i\S.l\\ . if and only if the following condition is valid: 

(8.10) n < 4, if either (r, a) = (20, 2) or r + a = 22 and d^p = 

(we just exclude cases of Proposition W^) . All possible types of these deformations are given 

Proof. Using Theorem 3.4.3 from we can get the list of all possible invariants (n; r, a, 5^, 
6^p) of real polarized K3 when (r, a) 7^ (20, 2) and r + a < 22, if 6^p = 0. They depend on 
n mod 8 and are presented in figures ESI — 1111 (when r + a = 22 and (5^p = 0, the result of 
[in] is more comphcated: it depends on n mod 16 when (r, a) 7^ (20,2); if (r, a) = (20,2), 
it depends even on prime decomposition of n). By inspection (which requires some time 
and patience), one can see that all these invariants can be obtained applying all possible 
deformations ()8.9p from P^, H, Fi and F4. Again applying Theorem 3.4.3 from JHl when 
n < 4 and either (r, a) = (20, 2) or r + a = 22 and 6^p = 0, we get all of them as deformations 
from P^ and E. The list of all possible invariants for n = 4 is given in figures ISHl and |^ 
It proves the statement. 

As a particular result, we get that any non-singular real quartic in P'^ (n = 4) can be 
obtained as a deformation of a general real double K3 cover of ellipsoid, hyperboloid or F4. 
These deformations can be given explicitly j2ni and give an effective method of construction 
of all (i. e. representatives of all connected components of moduli) examples of real quartics 
in P^. Actually, only one connected component for n = 4: with (r = 19, a = 1, 6p = 5^ = 
6pP = 1), requires F4. All other can be obtained from ellipsoid and hyperboloid. 
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O means S^p = and 5^p = 1, 
O means S^p = and 5(p = 1, 
• means 5tp = S^pp = 1 
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Figure 33. Real polarized K3 when n = mod 8 and 6p = without 
(r, a) = (20, 2) and (r + a = 22, S^p = 0) 



O means 5^3=0, 
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Figure 34. Real polarized K3 when n = mod 8 and Sp — 1 (then S^p — 1) 



O means <5^ = and = 1, 
O means S^p = and = I, 
• means dtp = S^p = 1 
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Figure 35. Real polarized K3 when n = 4 mod 8 and 5p — without 
(r, a) = (20, 2) and (r + a = 22, = 0) 
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Figure 36. Real polarized K3 when n = 4 mod 8 and bp — 1 (then b^pp — 1) 



O means S^pp = and <5^ = 1, 
• means Stp = S^p = 1 
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Figure 37. Real polarized K3 when n = 2 mod 8 and 5p = (then = 1) 
without (r, a) = (20, 2) and (r + a = 22, = 0) 



O means 5,^=0, 
• means 5u> = 1 

































































































































































































































































































































































































































































< 










y 








































r 









123456789 1011121314151617181920 



Figure 38. Real polarized K3 when n = 2 mod 8 and dp = 1 (then S^pp = 1) 
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• means S^p = S^^p = 1 



































































































































































































-« 


)- 
































-« 












































































-( 








-« 








-( 




































































-< 








-« 








-( 




























































-i 


h- 














-( 


3- 

























r 



123456789 1011121314151617181920 

Figure 39. Real polarized K3 when n = -2 mod 8 and 6p = Q (then 6^ = 1) 
without (r, a) = (20, 2) and (r + a = 22, (5<^p = 0) 



O means Sip = 0, 
• means 5u> = 1 
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Figure 40. Real polarized K3 when n = — 2 mod 8 and 6p = 1 (then 6,^p = 1) 



Q Oceans Stp = and S^p = 1, 

O means S^p = and 5^ = 1, 
• means Sp = S^p = 1 
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Figure 41. Real polarized K3 when n = 4 and 6p = 
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